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Lai and C h a n ' s m e t h o d of finding the far field caused b y a 
m o v i n g source in a m e d i u m is a p p l i e d to the p r o b l e m of gyro-
r a d i a t i o n in a c o l d and c o l l i s i o n l e s s m a g n e t o p l a s m a . N u m e r i c a l 
e x a m p l e s of the r a d i a t i o n e n e r g y flux r e c e i v e d b y a d i s t a n t 
o b s e r v e r are g i v e n . It is found that these r e s u l t s differ from the 
c o n v e n t i o n a l r e s u l t s found in the l i t e r a t u r e , e s p e c i a l l y for some 
f r e q u e n c y ranges where d i s p e r s i v e effect of the plasma is 
i m p o r t a n t . W e find that this d i f f e r e n c e arises b e c a u s e an invalid 
a p p r o x i m a t i o n h a d been used in the c o n v e n t i o n a l m e t h o d . Besides 
g y r o - r a d i a t i o n , we also give some n u m e r i c a l examples of the 
r a d i a t i o n energy flux caused b y a m o v i n g d i p o l e in a 
m a g n e t o p l a s m a . T h e r a t i o of d i f f e r e n t i a l p o w e r emitted by the 
m o v i n g source to the power r e c e i v e d b y the d i s t a n t observer is 
s t u d i e d in these c a s e s . In the last few c h a p t e r s , the problem of 
r a d i a t i o n caused by a stationary source in a m o v i n g medium is 
i n v e s t i g a t e d . A g e n e r a l m e t h o d of finding the far field is applied 
to some simple m o v i n g m e d i a and the r e s u l t s are found to be the 
same as those g i v e n in the l i t e r a t u r e . By using L o r e n t z 
t r a n s f o r m a t i o n it is shown that this d e s c r i p t i o n is c o m p l e t e l y 
e q u i v a l e n t to the m e t h o d used by L a i and C h a n . 
V 
I INTRODUCTION 
1.1 A general review of the theory 
Evaluation of far field and energy flux due to a gyrating 
electron in a static magnetic field is an important problem in 
electrodynamics as well as in astrophysics. Radiation emitted by a 
very relativistic electron 《V/c > 0.9) is usually called 
synchrotron radiation, while for an electron gyrating at mildly 
relativistic speed (V/c = 0.5 - 0.9) the radiation emitted is 
usually called gyro-radiation or cyclotron radiation. In both 
cases far fields in vaccum can be easily found by applying the 
well known method due to Lienard and W i e c h e r t . In a m e d i u m , 
especially in an anisotropic and dispersive o n e , the situation is 
much more complicated. An important medium of this kind is a 
m a g n e t o p l a s m a . As we k n o w , most matter in the universe is in the 
form of p l a s m a . In the atmosphere of stars strong magnetic field 
and energetic electrons are frequently found. Thus studying 
synchrotron radiation and gyro-radiation in a magnetoplasma has 
become an important key in understanding radiation phenomena in 
astrophysics. 
A magnetoplasma has much stronger influence on gyro—radiation 
than synchrotron r a d i a t i o n . Synchrotron radiation is largely 
confined within a small solid angle in the direction of velocity 
of the gyrating e l e c t r o n . The radiation emitted in the forward 
direction is therefore extremely Doppler shifted to very high 
frequency where anisotropic and dispersive effect of the plasma 
become less important• The problem can be greatly simplified by 
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neglecting the effect of anisotropy. The theory of synchrotron 
radiation in the presence of an isotropic cold plasma was already 
V 
well studied in the 60,s (e.g. Ginzburg and Syrovatskii (1966), 
(1969)). For gyro-radiation dispersive and anisotropic effect of 
the plasma become very i m p o r t a n t . Much attention was paid to this 
problem from the 60's to the late 70's (e.g. Ogawa and Sakurai 
(1969), Hoyng and Stevens (1977))• 
For astrophysical applications people are particularly 
interested in finding the gyro-radiation energy flux received by 
an observer located very far away from the radiating s o u r c e . In 
fact this problem is very closely related to a more general 
problem of developing a method to find the far field and radiation 
energy flux due to an uniformly moving radiating source in an 
anisotropic and disepersive m e d i u m . Many authors (e.g. McKenzie 
(1964), Young and Fung (1982), Lai and Chan (1986)) had attempted 
to solve this problem. They all employed the method of Fourier 
integration to find the far field. Among them the method used by 
Lai and Chan is r e m a r k a b l e . They made use of the concept of 
wavevector surface in their d e r i v a t i o n . This concept was 
. o r g i n i a l l y introduced by Lighthill (1960) in the evaluation of far 
field caused by a stationary radiating source in a m e d i u m . A 
wavevector surface (WS) is a surface in the wavevector (k) space 
satisfying the dispersion relation of a medium for a given wave 
frequency (q) • Writing the dispersion relation in the form 
2J(k,(o) = 0, where 3(k,c«)) is a smooth function, Lighthill found 
that by using the method of stationary phase to evaluate the k 
integral the far field can be nicely expressed in a form depending 
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on aSJ/aw, the group v e l o c i t y of the m e d i u m and the G a u s s i a n 
c u r v a t u r e of the w a v e v e c t o r surface at the point of s t a t i o n a r y 
p h a s e . Lai and Chan (1986) extended this method to the case of a 
u n i f o r m l y moving source and found that w a v e s contributing to the 
far field must satisfy the relation 
2 K k , w + k-V) = 0 (1-1.1) 
o 
for a given V and w 。 � w h e r e V is the velocity of the moving 
s o u r c e , w。 i s the f r e q u e n c y of waves as observed in the frame 
2 2 1/2 
comoving with the source and y = (1 - V /c ) " • Clearly this 
m e a n s that waves p r o p a g a t i n g in the m e d i u m must satisfy the 
d i s p e r s i o n r e l a t i o n , w i t h wave frequency D o p p l e r shifted according 
to the Lorentz transformation w = ^。/了 + k - V . Plotting (1.1.1) in 
the wavevector space g e n e r a t e a surface c a l l e d the Doppler shifted 
wavevector surface (DWS)• Lai and C h a n found the far field in 
terms of 33/aw, the g r o u p velocity and the Gaussian curvature of 
this surface at the p o i n t of stationary p h a s e . 
On comparing the result found b y L a i and Chan and those of 
other a u t h o r s , we found that there is an important d i f f e r e n c e . 
A p a r t from the factor exp(ik-x 一 iwt) , the far field obtained by 
these authors is independent of t i m e . On the c o n t r a r y , Lai and 
Chan obtained a far field inversely p r o p o r t i o n a l to the distance 
b e t w e e n the source and observer at the observation time. Both the 
expression of the field and the point of stationary phase were 
found to be time dependent. This result is more reasonable since 
the far field must b e changing with time as the source and 
o b s e r v e r are in relative m o t i o n . M o r e o v e r , it was shown that this 
. 3 
r e s u l t leads to a n a t u r a l r e t a r d a t i o n i n t e r p r e t a t i o n of the far 
f i e l d , which reduces to the w e l l k n o w n Lienard and W i e c h e r t 
p o t e n t i a l in v a c c u m . 
C l e a r l y Lai and C h a n had o b t a i n e d a result v e r y d i f f e r e n t 
from that o b t a i n e d by the other a u t h o r s m e n t i o n e d . Some of these 
o t h e r authors h a d a p p l i e d their m e t h o d of finding the far field to 
a c o l d and c o l l i s i o n l e s s m a g n e t o p l a s m a to handle the problem of 
g y r o - r a d i a t i o n . But as long as the c o n t r o v e r s y b e t w e e n L a i , C h a n 
and them is not r e s o l v e d their r e s u l t s r e m a i n s q u e s t i o n a b l e , or at 
least their results m a y be r e s t r i c t e d to the case when the 
o b s e r v e r is so far a w a y from the source that the c h a n g e in their 
r e l a t i v e p o s i t i o n is n e g l i g i b l e . M o r e o v e r , if their results are 
i n c o r r e c t or inaccurate even at this long d i s t a n c e l i m i t , then it 
is n e c c e s s a r y for the whole theory of g y r o - r a d i a t i o n and o t h e r 
r a d i a t i o n processes involving m o v i n g r a d i a t i n g sources in a 
m a g n e t o p l a s m a to be r e e x a m i n e d . 
A n o t h e r p h e n o m e n o n w h i c h is c l o s e l y related to this p r o b l e m 
is the relation b e t w e e n the d i f f e r e n t i a l r a d i a t i o n power emitted 
and r e c e i v e d per unit solid angle caused b y a m o v i n g source in a 
m e d i u m . In vaccum it is w e l l known that, the、 time intervals in 
w h i c h a small amount of wave e n e r g y is emitted (At^) from the 
s o urce and received (At) by a d i s t a n t o b s e r v e r w i t h i n a small 
solid angle is related b y (e.g. G i n z b u r g , Sazonov and Syrovatskii 
(1968)) 
At/At = 1 - V-e (t )/c (1.1.2) 
e r e 
w h e r e V is the v e l o c i t y of the source and e (t ) is a unit vector 
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directed from the source to the observer at the retarded time 、 • 
(1.1.2) has taken into account the change in relative position of 
the source and the o b s e r v e r . In a medium the velocity of energy 
propagation is given by the group v e l o c i t y , and there is an 
additional term in (1.1.2) due to the change in the speed of wave 
energy propagation from the source to the observer in the relative 
m o t i o n . Since the time intervals in which wave energy is emitted 
or received is inveresly proportional to the time averaged p o w e r , 
many authors (e.g. Scheur (1968), Ginzburg et al. (1968)) had used 
this ratio to explain the difference between the radiation power 
calculated by 
! 
P �� 「 d^x r dt J-E (1.1.3) 
e J » 
and the time averaged energy flux calculated from the far f i e l d . 
(1.1.3) gives the work done by the current source on the field, 
which is usually refered to as the emitted p o w e r . The radiation 
energy flux calculated from the far field is usually called the 
received p o w e r . The instantaneous ratio of emitted to received 
power within a small solid angle may be called the power r a t i o . 
Ko and Chuang (1973) had found an expression for this power 
ratio by considering the ratio of time intervals for a small 
amount of wave energy to be emitted and received within a small 
solid angle, under the assumption that the the dispersion relation 
of the medium possesses cylindrical symmetry along the direction 
of velocity of the source. However, Lai and Ng (1990a) pointed out 
that Ko and Chuang had ignored an important factor in their 
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d e r i v a t i o n . In their d e r i v a t i o n it is n e c c e s s a r y to c o n s i d e r the 
change in the speed of w a v e energy p r o p a g a t i o n from the source to 
the o b s e r v e r due to the r e l a t i v e m o t i o n . Owing to the m o t i o n of 
the s o u r c e , the frequency of waves r e c e i v e d by the d i s t a n t 
observer m u s t be c h a n g i n g with time due to Doppler e f f e c t , and 
this o b v i o u s l y c o n t r i b u t e s to the change in the speed of energy 
p r o p a g a t i o n from the source to the o b s e r v e r if the medium is 
d i s p e r s i v e . This m e a n s that the m a g n i t u d e of the group v e l o c i t y 
vector d i r e c t e d from the source to the o b s e r v e r changes with time 
even in an isotropic but dispersive medium. Ko and Chuang had 
ignored this e f f e c t , and arrived at an expression which is only 
true for non-dispersive m e d i u m . Lai and C h a n (1990a) had taken 
this effect into account and obtained a c o r r e c t expression for the 
r a t i o . 
The importance of this ratio lies on the fact that it related 
the emitted to received power in a form w h i c h depends only on the 
p r o p e r t y of the medium and is independent of the nature of the 
radiating s o u r c e . When c o m b i n e d w i t h the m e t h o d of finding the far 
zone radiaton energy f l u x , the theory of gyro-radiation caused b y 
a single radiating source in a cold and loseless m a g n e t o p l a s m a 
will be essentially c o m p l e t e d . 
* 
1.2 An outline of this thesis 
In this thesis the topics m e n t i o n e d in the last section are 
s t u d i e d . The content of each chapter is o u t l i n e d b e l o w . 
In the first few chapters some g e n e r a l theories are r e v i e w e d . 
Chapter II is concerned with the d i s p e r s i o n relation of cold 
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m a g n e t o p l a s m a s . The dispersion relation 2J(k,w) = 0 is represented 
by a three dimensional plot in a Q, k , and k Cartesian 
Z 
coord i n a t e s , where z and 丄 denote the component parallel and 
perpendicular to the magnetic field respectively. Dispersion 
surfaces of a few cold magnetoplasmas are s t u d i e d . The concept of 
Doppler shifted wavevector surface, which is very important in 
later d e v e l o p m e n t , is also introduced. The Lai and Chan‘s method 
for finding far field and radiation energy flux is explored in 
chapter I I I . Retardation interpretation of the far field and the 
relation between the differential power received and emitted are 
also discussed in this c h a p t e r . 
In chapter IV the difference between the Lai and Chan's 
method of finding the far field and the method used by other 
authors is investigated. It will be shown that these other authors 
obtained erroreous results because they had used the method of 
stationary phase to evaluate the Fourier integral of k in the 
presence of a very singular function 6(0) 一 w^/y 一 k-V) • On the 
other h a n d , Lai and Chan first evaluated the Fourier integral of w 
through the delta function, then performed the k integral by the 
method of stationary p h a s e . In this approach a correct result was 
obtained since the approximation of stationary phase is valid when 
the integrand is a smooth function, apart from the rapidly 
oscillating factor exp(ik-x - iwt)• The far fields found by the 
two methods are then compared in some simple media at a reasonably 
chosen observation time. It is found that the results agree in 
non-dispersive media, but disagree even in the simplest dispersive 
m e d i u m . 
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H a v i n g shown that Lai and C h a n ' s r e s u l t s are c o r r e c t , w e 
p r o c e e d to a p p l y their m e t h o d to c a l c u l a t e the far zone r a d i a t i o n 
e n e r g y f l u x in a m a g n e t o p l a s m a . T h e s e c a l c u l a t i o n s are g i v e n in 
c h a p t e r V . In the first part of this c h a p t e r a few n u m e r i c a l 
e x a m p l e s of the p o w e r r e c e i v e d d u e to a m o v i n g d i p o l e source are 
g i v e n . In the s e c o n d part we i n v e s t i g a t e the p r o b l e m of 
g y r o - r a d i a t i o n . E m p h a s i s is g i v e n to n u m e r i c a l c o m p u t a t i o n s and 
the c o m p a r s i o n of the r e s u l t s w i t h those o b t a i n e d by o t h e r 
.authors. It is found that in some f r e q u e n c y ranges w h e r e 
d i s p e r s i v e e f f e c t is i m p r o t a n t , our r e s u l t s d i f f e r s c o n s i d e r a b l y 
from those found in the l i t e r a t u r e . 
The e m i t t e d to r e c e i v e d p o w e r r a t i o in a m a g n e t o p l a s m a is 
s t u d i e d in c h a p t e r V I . A few n u m e r i c a l e x a m p l e s are g i v e n . We are 
p a r t i c u l a r l y i n t e r e s t e d in some special cases w h e n the power r a t i o 
is s i n g u l a r or z e r o . 
In c h a p t e r V I I and chapter V I I I we d i s c u s s the r a d i a t i o n 
c a u s e d by a s t a t i o n a r y source in a m o v i n g m e d i u m . A g e n e r a l 
e x p r e s s i o n for the far field is d e r i v e d . T h i s r e s u l t is e x p l i c i t l y 
shown to b e c o n n e c t e d to the Lai and C h a n ' s far field b y L o r e n t z 
t r a n s f o r m a t i o n . The m e t h o d is then applied to e v a l u a t e the far 
fields in some c o m m o n m o v i n g m e d i a . 
* • 
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II DISPERSION SURFACES OF COLD MAGNETOPLASMAS 
2,1 Meaning of dispersion surface and wavevector surface 
In this chapter we are going to investigate the dispersion 
relations of electormagnetic waves in cold m a g n e t o p l a s m a s . By cold 
we mean that the pressure effect due to the thermal motion of the-
particles has been n e g l e c t e d . The dispersion relation relates the 
• wave frequency o) and the wavevector k for those plane waves that 
can propagate in the m e d i u m . It is sometimes convenient to write 
it in the form 2J(k,Q) = 0, where 21 is a smooth dif f erentiable 
function- The dispersion relation of a magnetoplasma possesses 
cylindrical symmetry about the direction of the static magnetic 
field, therefore we may represent it by a three dimensional plot 
of (0 versus k and k , where the z axis is in the direction of the 
JL Z 
magnetic field and the 上 axis is perpendicular to the m a g n e t i c 
f i e l d . The surface so generated is called a dispersion surface. 
Behaviour of some physical quantities can be observed directly 
from the s u r f a c e . The phase speed of the waves w/k at a point in 
k , (0 space can be taken as the co-tangent of the polar angle of 
that point made with the w axis (Fig.2.la) . The group v e l o c t i y , 
being given by aw/ak, can also be estimated in the following 
manner : Construct a plane tangent to the dispersion surface at 
the point concerned, the slope of this plane against the plane 
< 0 = 0 gives the magnitude of the group velocity, and the direction 
can be obtained by projecting the line of greatest slope of this 
tangent plane onto the k -k^ plane (Fig. 2 . 1 b ) . Oakes et al.(1979) 
Z 丄 
had made some perspective plots of dispersion surfaces for a two 
9 
‘ 
/ f “ 々 Iff丨 
Fig. 2.1 a Fig.2.1 b 
F i g . 2 . 1 (a) E s t i m a t i n g the phase" v e l o c i t y for a p o i n t “ on the 
d i s p e r s i o n s u r f a c e . T h e p h a s e speed c/k = cotfl-. (b) E s t i m a t i n g the g r o u p 
v e l o c i t y for a p o i n t k . U on the d i s p e r s i o n s u r f a c e . P is a p l a n e t a n g e n t to 
the s u r f a c e . A B is the line of g r e a t e s t s l o p e . P r o j e c t i o n of A B onto k^ _ Ic� 
plane g i v e s the d i r e c t i o n of group v e l o c i t y . The m a g n i t u d e lau/ak丨=tan<f. 
k • ^Z Z^ M 
V 」〔 、 1 V~ 
z 、 / \ 
(a) (b) (cj 
(d) (6) 
Fig.2.2 
Fig.2.2 T o p o l o g i c a l g e n e r a of WS in a cold m a g n e t o p l a s m a . (a) E l l i p s o i d 
(b) T w o sheeted h y p e r b o l o i d (c) One sheeted h y p e r b o l o i d . (d) A E F F e x i s t s 
on a e l l i p s o i d a l W S . (e) A E F F exists on a two sheeted h y p e r b o l o i d a l W S . 
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component electron-proton magnetoplasma. In this chapter similar 
plots with different plasma parameters (magnetic field and number 
density) are s h o w n . In addition we have given two examples of 
three component m a g n e t o p l a s m a . The first one is an electron-
pro ton-pos itron plasma and the second one is an electron-proton-
Deuterium p l a s m a . 
For a given frequency w, the wavevector surface (WS) is 
defined as the surface in k space (a Cartesian coordinate formed 
by the three components of k) satisfying the dispersion r e l a t i o n . 
For a medium possessing cylindrical s y m m e t r y , the wavevector 
surface can be represented by a two dimensional curve, which can 
be easily obtained by projecting the line of intersection of the 
plane w = constant and the dispersion surface onto the k^-k^^ 
p l a n e . The g r o u p velocity, which is equal to the gradient of w in 
k space, is obviously normal to the wavevector surface. 
Consider a radiating source moving in a medium with velocity 
V and emitting electromagnetic waves at frequency w。 measured in 
its comoving c o o r d i n a t e . In the coordinate where the medium is at 
rest the frequency of waves is Doppler shifted by w =边J"t + k-V, 
where y s (i - v^) Combining this relation with the 
dispersion relation we obtain 
3(k, w /y + k-V) = 0 (2.1.1) 
o 
Plotting (2.1.1) in iJ space generate the so called Doppler shifted 
wavevector surface (DWS), which was first introduced by Lai and 
Chan (1986) in their calculation of the far field caused by a 
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moving source in a m e d i u m . The relation of the DWS with the far 
field will be explored in detail in chapter III. In this chapter 
we are only interested in the geometrical representation of D W S . 
From (2.1.1) it is not difficult to see that for a cylindrically 
symmetric dispersion surface with V along the axis of s y m m e t r y , 
the DWS can be represented by projecting the line of intersection 
of the plane w = w^/y + k^V (assuming V is in z direction) and the 
dispersion surface onto the p l a n e . If the dispersion surface 
has no such symmetry or if V is not along the axis of symmetry the 
situation is expected to be more c o m p l i c a t e d . However in this 
paper our interest is mainly concerned with gyro-radiation in a 
m a g e n t o p l a s m a , where this symmetry condition is s a t i s f i e d . Some 
interesting features of DWS will be displayed and discussed in 
section 5 . 
In the last section we display some dispersion surfaces of a 
magnetoplasma moving with a uniform velocity V in the direction of 
the m a g n e t i c field. As will be shown explicitly in chapter V I I , in 
terms of the dispersion function 3 of the medium at r e s t , the 
dispersion relation of the moving medium is given by 
2J(k、，k ,7(k 一 VQ) , - k V ) ) = 0 (2.1.2) 
X� y z z 
A 
where we have put the speed of light in vaccum c = 1 and V = Ve 
has been a s s u m e d . The arguments in 2) are the Lorentz transform of 
k and Q from the coordinate where the medium is moving with 
velocity V to the coordinate where the medium is at r e s t . Hence 
(2.1.2) is only the dispersion relation of a stationary medium 
expressed in terms of the k and w in a coordinate moving with 一 V 
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w i t h respect to the m e d i u m . It will be shown that the w a v e v e c t o r 
surface in a moving medium is closely related to the D o p p l e r 
shifted wavevector surface in the corresponding stationary m e d i u m . 
2.2 Dispersion surfaces of a 她 component electron-ion 
magnetoplasma 
First we consider a two component electron-ion m a g n e t o p l a s m a . 
The dispersion relation of such medium is well discussed in the 
literature (see for e x a m p l e , Stix (1962) Chapter 2) . We simply 
quote the result as f o l l o w s . With m . , m^, N . , N^ denoting the mass 
and number density of the ion and electron respectively, the 
plasma frequency 〜 i s define as 
CO" 5 + C O、 0 ) 2 (2.2.1) 
p pi pe pe 
Where 《 i - , a)^ - (2.2.2) 
are respectively the plasma frequencies of the ion and the 
electron, Ze being the charge of the i o n . The number densities of 
the particles satisfy the qausi electrical neutrality condition 
2N = N (2.2.3) 
i e 
The cyclotron frequencies are defined as 
Q s ZeB/m c , Q。= eB/m c {2.2.A) 
i i e e 
Where B is the static magnetic field in the p l a s m a . The mass ratio 
u is defined as 
13 
u 3 Zm /m. (2.2.5) 
e 1 
In terms of the refractive index vector n s k/co, the dispersion 
relation of a general cold magnetoplasma is given by 
Sn^ + {(P + S)n= - （RL + PS) 
+ P(n^ - R)(n^ - L) = 0 (2.2.6) 
Z 2 
where P , S, R, L are the Stix's parameters defined by 
S s (R + L)/2 (2.2.7a) 
D s (R - L)/2 (2.2.7b) 
2 
R H 1 - Y ——^ (2.2.8a) 
k k k 
2 
L s 1 - y ^ (2.2.8b) 
^ i/ 0) - S O 
k k k 
P 3 1 - y /co^ = 1 - a (2.2.9) L pk p 
k 
where the summation in k is taken over the species of particle in 
the plasma, s^ is the sign of charge of particle type k . Since the 
dispersion relation (2.2.6) is quadratic in n^, it gives at most 
two branches of wavevector surface for a given u. We can label the 
branches as follows. For n , = 0 (2.2.6) gives n^ = R or n ^ = L . It 
上 Z Z 
can be shown that the branch n 卜 R (L) gives right (left) hand 
• . 
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c i r c u l a r l y polarized waves propagating in z d i r e c t i o n . The two 
b r a n c h e s can therefore be labeled by R and L . Another method for 
labeling is to look at the dispersion relation at n^ = 0 . In this 
case we have n ^ = P and n ^ = R L / S , which are usually called the 
o r d i n a r y branch and the extraordinary branch r e s p e c t i v e l y . It is 
m o r e convenient to define the parameters 
X 3 w W , Y s Q /(o (2.2.10) 
p ® 
Using the definition of Stix's p a r a m e t e r s , (2.2.3) and (2.2.5), 
one can show that for the two component plasma under consideration 
R = 1 - X/[(l + uY)(1 - Y)] (2.2.11) 
L 二 1 - X/[(l - uY)(1 + Y)] (2.2.12) 
S = 1 - X(1 - uY^)/[(l - (1 一 Y^)] (2.2.13) 
p = 1 一 X (2,2.14) 
The cut off frequencies can be obtained by putting R and L 
to be z e r o . They are given by 
0) 二 i I - Q) + / (Q + Q,)^ + 4(0^ 1 (2.2.15) 
R 2 e i e i P 
The upper and lower hybrid frequencies and are the 
resonant frequencies for k^ = 0 . Putting S = 0 we obtain 
( o g 这 = 全 【 < + « ! + « 二 士 + 4 ( o V 1 ( 2 . 2 . 1 6 ) 
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T h e o t h e r two r e s o n a n t f r e q u e n c i e s for k = 0 are the e l e c t r o n and 
J\ 
the ion c y c l o t r o n f r e q u e n c i e s . 
T h e p h y s i c a l p r o p e r t i e s of the p l a s m a is c h a r a t e r i z e d b y the 
m a g n e t i c field and the n u m b e r d e n s i t y . By m a k i n g a two d i m e n s i o n a l 
p l o t of Y a g a i n s t X o n e o b t a i n s a p a r a m e t e r s p a c e . T h i s space c a n 
b e d i v i d e d into m a n y d o m a i n s a c c o r d i n g to the n u m b e r and 
t o p o l o g i c a l g e n u s of the w a v e v e c t o r s u r f a c e s . T h i s diagram is 
k n o w n as the C l e m m o w - M u l l a l y - A l l i s d i a g r a m (CMA d i a g r a m ) • It can 
be shown that the lines d e s c r i b e d b y the e q u a t i o n s R = 0 , L = 0 , 
S = 0 , P = 0 , Y = 1 and Y = 1/u form the b o u n d a r i e s of these 
d o m a i n s (e.g. Stix (1962) C h a p t e r 1 and 2 ) . F o r cold m a g n e t o p l a s m a 
three t o p o l o g i c a l g e n e r a of w a v e v e c t o r s u r f a c e e x i s t . T h e y are 
e l l i p s o i d , one sheeted h y p e r b o l o i d and two s h e e t e d h y p e r b o l o i d 
(Fig.2.2a, 2.2b and 2 . 2 c ) . -
In a d d i t i o n to the t r a d i t i o n a l c l a s s i f i c a t i o n of p a r a m e t e r 
d o m a i n s , L a i , Ng and T o n g (1989) s u b d i v i d e d the d i a g r a m b y the 
b o u n d a r y c u r v e s P + R = 0 and P + L = 0 in the d o m a i n s w h e r e 
p > 0 . T h i s further d i v i d e s the p a r a m e t e r space a c c o r d i n g to 
w h e t h e r a extremum p o i n t of 〜 ( w h e r e d n ^ / d n ^ = 0) exists o n o n e 
b r a n c h of the w a v e v e c t o r s u r f a c e s , e x c l u d i n g the e x t r e m u m at 
n ^ = 0 . T o see this c o n s i d e r the e x p a n s i o n of (2.2.6) a b o u t 
n . = 0 , i . e . , 
•L 
n ^^  n - (1 + n V P ) n f / 2 n ^ (2.2.17) 
2 o o JL o 
w h e r e n ^ = R or L d e p e n d i n g o n w h i c h b r a n c h w e are l o o k i n g a t . 
o 
Since the d i s p e r s i o n r e l a t i o n is q u a d r a t i c in n^, there can b e at 
most o n e extremum p o i n t w h e r e d n /dn = 0 for n 0 . T a k e a R 
Z � � 
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b r a n c h e l l i p s o i d a l WS for e x a m p l e . In d o m a i n s w h e r e P < 0 a n d 
P + R > 0 , it is n o t d i f f i c u l t to see that at n丄 二 0 the 
w a v e v e c t o r surface curves with its c o n c a v e side facing +z 
d i r e c t i o n (see (2.2.17)), h e n c e o n e e x t r e m u m p o i n t of 〜 m u s t 
e x i s t (Fig.2.2d) . S i m i l a r a r g u m e n t c a n be applied to find out the 
d o m a i n s in w h i c h these e x t r e m a e x i s t for the case of two sheeted 
h y p e r b o l o i d a l WS (Fig.2,2e) and for the L b r a n c h . One can also 
show that such e x t r e m a never e x i s t in d o m a i n s w h e r e P > 0 . 
A c t u a l l y the points w h e r e d k z / d k上 = 0 forms a ring around the z 
axis o n the three d i m e n s i o n a l w a v e v e c t o r s u r f a c e . It was found 
t h a t in d o m a i n s w h e r e these extrema e x i s t , the r a d i a t i o n field in 
z d i r e c t i o n is p a r t i c u l a r l y i n t e n s e , and has a p e c u l i a r d i s t a n c e 
d e p e n d e n c e of w h e r e r is the o b s e r v e r to source d i s t a n c e . 
T h i s is k n o w n as a x i a l l y enhanced far field (AEFF) d i s c u s s e d b y 
L a i , Ng and Tong (1989). 
An example of this kind of modified C M A d i a g r a m (may b e 
c a l l e d C M A diagram for simplicity) for a two c o m p o n e n t e l e c t r o n -
ion m a g n e t o p l a s m a is shown in F i g . 2 . 3 . It is d r a w n in d o u b l e 
l o g a r i t h m i c s c a l e . In order to m a k e the c l a s s i f i c a t i o n of 
p a r a m e t e r d o m a i n s c l e a r we have taken u to be 1/10• D o m a i n s are 
l a b e l e d w i t h n u m b e r s in square b o x e s . Subdomains d i v i d e d b y the 
b o u n d a r y curves P + R = 0 and P + L = 0 are labeled b y the 
a l p h a b e t a , b , c after their m a i n d o m a i n l a b e l s . T o p o l o g i c a l 
g e n e r a of the w a v e v e c t o r surfaces (WS) are shown s c h e m a t i c a l l y in 
e a c h d o m a i n . T h e e x i s t e n c e of the e x t r e m a d k ^ / d k ^ = 0 for k ^ ^ 0 
are s i g n i f i e d b y b l a c k dots on the f i g u r e s of W S . T h e WS are a l s o 
2 
l a b e l e d R and L a c c o r d i n g to the v a l u e of 〜 a t n 丄 = 0 . C M A 
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d i a g r a m for a p h y s i c a l electron-proton m a g n e t o p l a s m a is shown in 
F i g . 2 . 4 . In this case the mass ratio u is taken to be 1 / 1 8 3 6 , 
w h i c h is equal to the ratio of electron to proton m a s s . For such a 
small u m a n y domains have become so small that they seem to 
disappear from the d i a g r a m . 
It is not difficult to show that the dispersion r e l a t i o n 
(2.2.6) is an equation to the fifth power in Therefore it 
corresponds to five sheets of dispersion surfaces with p o s i t i v e 
f r e q u e n c y , and another five sheets of the same shape with n e g a t i v e 
f r e q u e n c y . These surfaces have reflective symmetry about the p l a n e 
< 0 = 0 . The geometry of these surfaces depends solely on the 
parameter 
a s Q /q (2.2.18) 
e p 
T h e shape of some surfaces differ significantly for a > 1 and 
a < 1. Schematic plot of the dispersion relations for waves 
propagating along the z and the � direction for these two cases 
are given in F i g . 2.5 and F i g . 2 . 6 . Perspective plot of the five 
sheets (w > 0) of dispersion surface for a = 3.53 are shown in 
F i g . 2 . 7 - F i g . 2 . I I . The m a g n e t i c field B. and number density N^ of 
• - • - • 
electron are chosen to be 358 Gauss and 1x10^ c m " ^ . These v a l u e s 
are chosen for the application to the problem of gyro—radiation in 
solar radio bursts 《Ogawa and Sakurai (1969))• For Fig.2.7-
Fig.2.11 we name the surfaces according to Oakes et al. (1979) . In 
this paper they plotted the dispersion surfaces for a = 3 . 1 2 . We 
have made perspective plots with the same a and the results are 
found to be the s a m e . For a 二 0.873 (B = 280 Gauss 〜 = 1 x 1 0 ^ ^ 
* 
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cm-3) we only choose to d i s p l a y two sheets of dispersion surface 
(Fig.2.12, 2.13) which h a v e significant difference for a > 1 and 
a < 1 . On the perspective plots shown, we have drawn constant a>/c 
contours (c = speed of light in vaccum) indicated by dotted lines 
and the corresponding WS are also shown below the r e s p e c t i v e 
f i g u r e s . In order to r e l a t e the parameter domains on C M A diagram 
w i t h the topological g e n e r a of the W S , the values of X and Y 
correspond to the co/c contours are p l o t t e d on two CMA d i a g r a m s 
(Fig.2.14, 2 . 1 5 ) . O b v i o u s l y , varing « w h i l e keeping other p l a s m a 
parameters constant on a double log C M A diagram results in a 
straight line satisfying the equation 
Log(Y) = Log(X) + Log (a) (2.2.19) 
The lines for a : 3.53 and 0.873 are shown in the d i a g r a m s . T h e y 
joint up the (0 values corresponding to the same plasma p a r a m e t e r s . 
The surface of h i g h e s t frequency is known as the H i g h 
frequency R , X surface (Fig.2.7) . It h a s a cut off at at 
K = 0 , k^ = q^R (right h a n d circularly p o l a r i z e d waves) and at 
k � 0 , k = w^RL/S (extraordinary waves) . It asymptotes to the 
Z ' Z 
light cone « = k (c 二 1) for large co. T h e WS for large u are v e r y 
close to circles as e x p e c t e d , as the influences of the p l a s m a 
become negligible t h e r e . The frequency range of this d i s p e r s i o n 
surface belong to domain 1 in the CMA d i a g r a m . 
The High frequency L , O surface (Fig.2.8) has a cut off at 
and also asymptotes to the light c o n e . L means left hand 
circularly polarized waves for k^ = 0 and O means ordinary waves 
for k i = 0 . At k上 二 0 and w = Wp there exists a flat r e g i o n . For w 
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slightly above there is a highly dispersive region and the WS 
have a very narrow ellispsoidal s h a p e . The frequency range of this 
surface lie in domain 1 , 2 , 3 and 6 in the CMA d i a g r a m . 
The third surface is the Electron cyclotron-upper hybrid 
surface (Fig.2.9) . It has a cut off at w " a resonance at 〜 f o r 
k^ = 0 and a resonance at for k 丄 = 0 . There is a kinky plateau 
at k = 0 and Q = o . The size of this plateau decreases with 
X P 
increasing a . The plateau touches the High frequency L , 0 surface 
at one p o i n t , and is the only point where the surfaces t o u c h . It 
also touches the Compressional Alfven lower hybrid surface in a 
similar manner (Fig.2.5a). Only region for small k is s h o w n . For w 
close to the hybrid r e s o n a n c e , which corresponds to the region in 
domain 3 near the boundary curve S = 0 on the CMA d i a g r a m , thermal 
effect are expected to be important and the cold plasma m o d e l 
f a i l s . For a = 3.53 the range of (o inside this domain is 
relatively s m a l l . 
The Compressional A l f v e n lower hybrid surface {Fig.2.10) has 
a resonance at for k = 0 and another resonance at « for 
LH z 
k = 0 . (0 is of the same order as Q , which is three order 
•L LH 
smaller than Q • Due to the small value of the rise of the 
surface at k = 0 from to = 0 to o> — ^ w^ j^j is not observable in 
2* 
F i g . 2 . 1 0 . The dispersion curve w vs k^ is completely flat at 
w = w • The w/c contours shown correspond to (X, Y) in domain 7 a , p 
7 b , 7c and 8c. All the WS shown are of the topological type two 
sheeted h y p e r b o l o i d . Ellipsoidal type WS exists at sufficiently 
low frequency (for co smaller than see Oakes et al. (1979)) in 
domain l i b , 13b and 1 3 c . For the WS D^, D^, D^ and D?, axially 
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e n h a n c e d far field (AEFF) e x i s t s . 
T h e Shear Alfven ion cyclotron surface is the surface of 
lowest f r e q u e n c y . a> is zero at k 丄 = 0 . For k^ = 0 it has a 
. r e s o n a n c e at Q.. Close to Q. almost the whole surface f l a t t e n s . 
T h e group velocity is mainly in the direction of the m a g n e t i c 
f i e l d . Actually from k^ = 0 the surface rises with a very small 
slope (〜 0 . 0 3 c ) . The v e r t i c a l scale is very much enlarged for 
c l a r i t y . All the q/c contours shown lie in domain 13c (not shown 
in Fig.2.14 and 2.15), w h e r e AEFF e x i s t s . 
For a = 0.873 we choose to display the third surface of 
highest frequency, which we have named it the Plasma-upper hybrid 
surface (Fig.2.12), and the C o m p r e s s i o n a l Alfven lower hybrid 
surface (Fig.2.13). Actually the Plasma upper-hybrid surface is 
very similar to the Electron cyclotron-upper hybrid surface for 
a > 1 , except that the kinky plateau at k上 二 0' co 二 （0口 no longer 
e x i s t , and the dispersion curve flattens competely at 〜 i n s t e a d 
of having a resonance at 〜 . F o r a close to unity the (o range 
corresponding to domian 3 is l a r g e r . The one sheeted h y p e r b o l o i d a l 
ws E and E belong to this d o m a i n , which is the o n l y domain where 
1 2 
this topological genus af WS e x i s t s . The WS E3 and E^ are 
• • -
ellipsoidal WS with A E F F , they lie in domain 4a. Other WS shown 
are of ellipsoidal t y p e . For the Compressional A l f v e n surface a 
resonance of k^ exists for k ^ = 0 at Unlike the case for 
a > 1 , the dispersion curve does not flatten abruptly at but 
tends to Q smoothly as k — <»• AEFF o n l y exist in WS F^, F^ and 
e z 
F^ in domain 8 b . 
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Fig.2.3 Double l o g . C M A d i a g r a m of a t w o component e l e c t r o n xon 
m a g n e t o p l a s m a . Mass ratio u = 1/10. Numbers in boxes are domain l a b e l s . 
T o p o l o g i c a l genera of WS are shown in each d o m a i n . The back dots i n d i c a t e 
the e x i s t e n c e of A E F F . 
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Fig.2.4 Double log. CMA diagram of a electron proton magnetoplasma. Mass 
ratio u = 1/1836. Domains are labeled according to Fig.2.3. 
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Fig.2.7 H i g h f r e q u e n c y R , X surface (e"H* m a g n e t o p l a s m a ) . B = 358 G , 
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F i g . 2 . 1 0 C o m p r e s s i o n a l A l f v e n lower h y b r i d s u r f a c e (e_H+ m a g n e t o p l a s m a ) . 
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F i g . 2 . 1 2 P l a s m a - u p p e r h y b r i d surface (e_H+ m a g n e t o p l a s m a ) . B : 280 G , 
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e 上 
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Fig.2.13 Compressional Alfven lower hybrid surface (e'H* m a g n e t o p l a s m a ) . 
B = 280 G , Ne = 1X10⑶ cm-'. 0 ^ k^ ^ 0 . 6 ,。玄 k丄 - 0.6 ( c m .、 , o/c contours 
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2.3 D i s p e r s i o n s u r f a c e s of a three c o m p o n e n t e l e c t r o n - i o n -
p o s i t r o n m a g n e t o p l a s m a 
As an e x a m p l e of t h r e e c o m p o n e n t m a g n e t o p l a s m a , we c o n s i d e r a 
m a g n e t o p l a s m a in w h i c h i o n s , electrons and p o s i t r o n s c o e x i s t in 
e q u i l i b r i u m . T h e p l a s m a f r e q u e n c y w^ can b e d e f i n e d as 
0)2 二 + + 2 + 份 2 ( 2 . 3 . 1 ) 
以 p pi pe pp pe pp 
Where w , w and o) are r e s p e c t i v e l y the p l a s m a f r e q u e n c y of 
pi pe PP 
i o n , e l e c t r o n , and p o s i t r o n in u s u a l d e f i n i t i o n (c.f. ( 2 . 2 . 2 ) ) . 
T h e c y c l o t r o n f r e q u e n c i e s are d e f i n e d b y (2.2.4). P o s i t r o n a n d 
electron h a v e the same c y c l o t r o n f r e q u e n c y . U s i n g N ^ to d e n o t e the 
n u m b e r d e n s i t y of p o s i t r o n , the q u a s i e l e c t r i c a l n e u t r a l i t y 
c o n d i t i o n can b e w r i t t e n as 
Z N + N 二 N (2.3.2) 
i p e 
W e d e f i n e the p a r a m e t e r i? (0 ^ p ^ 1) by 
* 
O 3 N /N (2.3.3) 
p e 
Using ( 2 . 2 . 7 ) ~ ( 2 . 2 . 1 0 ) , (2.3.2) and (2.3.3), it is not d i f f i c u l t 
to show that 
R = 1 - X ( 1 + aY)/[(l + uY) (1 - Y^)] (2.3.4) 
L = 1 - X { 1 - aY)/[(l - uY) (1 - Y^)] (2.3.5) 
S = 1 - X ( 1 - auY^)/[{l - u V ) (1 - y2)] (2.3.6) 
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p = 1 - X (2.3.7) 
^ - 1 + U - (1 - u ) p ~ 1 - p /O O Q\ 
where a s = l^s.j.sr 
1 + u + (1 - u) p 1 + P 
and the last approximation holds for u « 1. Note that when there 
is no positron a = 1, and all expressions reduce to the two 
component c a s e . The dispersion relation is still given by (2.2.6). 
The cut off frequencies w。 and are given by the roots of the 
R L 
equations 
土 Q — （0)2 + q： (Q + aSl w^) = 0 (2.3.9) 
R i R p e R i e e p 
It is not difficult to show that there are one real positive root 
of w and two real positive roots of w • We denote the larger root 
R 
of <0 by 0) and the smaller one by , . The hybrid frequencies 
L U L L L 
are given by 
y I "1 
= - { Q W V ± / + Q (Q Q.+ (2.3.10) 
Ulj 2 e i p e i p e i e i . P 
We have plotted the CMA diagram for u = 1/10, v = 0.05 
(Fig.2.16) . All domains are relabeled. We also take the ion to be 
proton and draw the CMA diagram for u = 1/1836, i> = 0.3 
(Fig.2.17)• The main difference between these diagrams and that of 
two component plasma is the pattern near the electron cyclotron 
frequency. To get an idea of how this pattern change with y, a 
series of CMA diagrams plotted with different v are shown in 
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F i g . 2 . 1 8 . For p tends to zero the boundary curve L = 0 (also for 
P + L = 0) above and below the line Y = 1 joint together, and the 
two component C M A diagram is r e c o v e r e d . In the limit y tends to 1 , 
the curves R = 0 , L = 0, and S 二 0 (also for P + L 二 0 and 
p + R = 0) merge t o g e t h e r , the ion cyclotron resonance disappears 
and a CMA diagram for an electron-positron plasma is f o r m e d . 
Schematic plots of the dispersion curves for k 丄 = 0 and k^ = 0 are 
shown in F i g . 2 . 1 9 . 
This plasma has six sheets of dispersion surfaces for w > 0 . 
W e choose to display the five with higher frequency (Fig.2.20-
2 . 2 4 ) . The shape of the Shear Alfven ion cyclotron surface is 
practically unchanged because it reflects the motion of i o n s , 
which is unaffected by the presence of p o s i t r o n s . The number 
density of electron and magnetic field are still chosen to be 
1x10^ cm-3 and 358 G a u s s , but now a is equal to 3.10, which is 
smaller than the value of a in the two component case due to the 
additional contribution to the plasma frequency by p o s i t r o n s , (o/c 
contours are shown on the surfaces, and the corresponding X , Y 
values of these contours are plotted on two CMA diagrams (Fig.2.25 
and 2.26) . Of the five surfaces shown, the shape of the High 
frequency R , X surface and the Compressional Alfven lower h y b r i d 
surface is very similar to that of the two component p l a s m a , so we 
only discuss the three surfaces lying between t h e m . 
We may name the surface just below the High frequency R , X 
surface the High frequency L , M surface (Fig.2.21) . Here L takes 
the same meaning as b e f o r e , M stands for a mixture of ordinary and 
extraordinary w a v e s . The surface has a cut off at , and 
37 
asymptotes to the light cone for large a>. For frequency slightly 
above w , the dispersion relation for k 二 0 gives extraordinary 
UL 
w a v e s , and for frequency above a critical frequency q^ (the exact 
value can be found by solving RL/S = P) the dispersion relation 
. g i v e s ordinary w a v e s . Among the w/c contours shown on the s u r f a c e , 
only B7 lies in domain 3 (between ^^^ and , other are in 
domain 1• 
The surface below the High frequency L , M surface may be 
named the Electron cyclotron-upper hybrid surface (Fig.2.22). This 
should not be confused with the surface in Fig.2.9 for the two 
component p l a s m a . Although both surfaces have the same resonant 
frequencies for k上二 0 and k ! 二 0, the dispersion properties below 
the resonances are d i f f e r e n t . This surface has a cut off at 〜• 
The dispersion curve for k 丄 = 0 goes through a flat region for 
small k at w , then rises abruptly and finally tends to 〜 w h e n 
z P 
k —^ 00. For k = 0 the dispersion curve rises smoothly from 
Z Z 
passes through a discontiunity in slope at then tends to 
smoothly as k 丄 — < » • C^ is a one sheeted hyperboloidal WS, which 
exists only in domain 6 . Others are ellipsoidal WS in domain 7 . 
The surface below the Electron cyclotron-upper hybrid surface 
may be called the Electron cyclotron surface (Fig.2.23). This is 
quite similar to the Electron cyclotron-upper hybrid surface of 
the two component plasma (Fig.2.9)^ (not the surface above it I), 
except both of its resonances (at ！ ^ 丄 = 0 and k^ = 0) occur at 〜 • 
^Although the names seem to be quite confusing, to name the surfaces in this 
way has the advantage that the resonant frequencies can be known directly 
from the name of the surfaces. 
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Fig.2.16 Double log. CMA diagram of a three component electron ion p o s i t r o n 
m a g n e t o p l a s m a . u = 1 / 1 0 . u = 0.05. 
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K i . . 2 . 1 8 D o u b l e l o g . C M A d i a g r a m s o f a t h r e e c o m p o n e n t e l e c t r o n i o n 
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All the WS shown are ellipsoids in domiain 7 . 
2.4 Dispersion surfaces of a three component electron-ions 
magnetoplasma 
As another example of three component m a g n e t o p l a s m a , we 
consider a magnetoplasma with two kinds of ions {denoted b y 1 and 
2) of mass number A^, A ^ and atomic number Z〜 , Z ^ . The plasma 
frequency 〜 i s given by 
二 0)2 + 0)2 ( 2 . 4 . 1 ) 
p pi p2 pe pe 
where w and w are the plasma frequencies of ion 1 and 2 . 
pi p2 
Cyclotron frequencies of the ions can be denoted by Cl^  and Cl^. The 
quasi electrical neutrality condition can be written as 
Z N + Z N = N (2.4.2) 
1 1 2 2 e 
For convenient we define the parameters 
a. s z./A. , b .三 a.u (i = 1,2) (2.4.3) 
u s Z N /N {0 ^ 11 ^  1) (2.4.4) 
r l i e 
In terms of X , Y in (2.2.10) and these parameters, the Stix's 
parameters R , L , S, P defined by (2.2.7)-(2.2.9) can be w r i t t e n as 
R = 1 - X(1 + pY)/[(l + b^Y) (1 + b^Y) (1 - Y)] (2.4.5) 
L = 1 - X(1 - pY)/[(l - b^Y) (1 - b^Y) (1 + Y) ] (2.4.6) 
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S = 1 - X(1 + + pb^b^Y^) 
•[(1 - b 力 （ 1 - b Y^)(1 ， Y2)]-i (2.4.7) 
X u 
p = 1 - X (2.4.8) 
where p 3 (ua a^ + a + a - g)u/ (1 + gu) (2.4.9) 
J, ^  X u 
g s a u + (1 一 {2.4.10) 
x ^ 
and ？ s p(l - (a^ + a^)u) + uCa^a^u - a^ - a^) (2.4.11) 
One can readily show that (2.4. 5) - (2.4. 8) reduce to the 
corresponding expressions for the two component electron-ion 
plasma when p = 0 or /i = 1. The cut off frequencies and are 
given by the roots of the equations 
% 平 ( Q E 一 。 1 一 。 2 ) 公 ^ 一 （ 公 = 小 + ^ L ^ E 一 
不 Q (Q 0 + 二 0 (2.4.12) 
e 1 2 p 
It can be shown that there are one real positive root of and 
two real positive root^ of w, to the equations. We denote the 
roots of w by w and w as before. The hybrid frequencies are 
L U L L L 
given by the roots of the equation 
(0® - {Cll + + + 
51 
- Q 兄 = 0 (2.4.13) 
1 2 e 
Three real positive roots of exist. We denote them by 
(upper hybrid frequency) , (middle hybrid frequency) and 
(lower hybrid frequency)• 
The CMA diagram for u = 1/10, /i = 0.3, A^ = 1, A^ = 2, and 
Z = Z = 1 is shown in Fig.2.27. Only the upper part of the 
1 2 
diagram where u close to and below the cyclotron frequency of the 
lighter ion is shown. The lower part of the diagram is the same as 
that of the two component plasma, because the dispersion pattern 
there is mainly contributed by the electrons. Domains 1 to 11 are 
labeled according to the corresponding domains of the two 
component p l a s m a . Two cyclotron resonances of ion exist, one at 
Y = 10 and the other at Y = 20. The pattern above Y 二 20 is 
essentially the same as that of the two component plasma. The only 
new region appears where Y is between the two ion cyclotron 
resonances. There is a new boundary curve D = 0 which does not 
exist for two component p l a s m a . It is given by the straight line 
Y = Yd, where 
Y。 s / (1 + p - >〜- + b^) - b ^ b ^ d + p)) (2.4.14) 
We label the subdomains divided by this curve by Roman numbers i , 
•ii, iii, etc. after their main domain labels. The topological 
genera of the WS on both side of D = 0 are the same but the R , L 
labels for the two branches is exchanged. CMA diagram for a proton 
Deuterium magnetoplasma {u = 1/1836, /i = 0.3, A^ = 1, A^ = 2 and 
52 
• 
z = Z = 1) is shown in F i g - 2 . 2 8 . Fig'. 2.29 shows how the p a t t e r n 
1 2 
of the C M A diagram changes with ^ for u = 1 / 1 0 . For ^ = 0 or 1 the 
CMA d i a g r a m s of two component plasma is r e c o v e r e d . For w close to 
and below a> , schematic plot of the dispersion curves for k = 0 p 
and k = 0 are given in F i g . 2 . 3 0 . z 
This plasma has six sheets of dispersion surface for o > 0 . 
Four of them are essentially the same as that of the two component 
p l a s m a . The third surface of lowest frequencyr which may be called 
the Compressional Alfven middle hybrid s u r f a c e , is very similar to 
the C o m p r e s s i o n a l A l f v e n lower hybrid surface (Fig.2.10) of the 
two component plasma except for very low frequency (w ). 
Perspective plot of this low frequency region is shown in 
F i g - 2 . 3 1 . The plasma is assumed to be an electron-proton-Deuterium 
m a g n e t o p l a s m a with ii = 0.7 (B = 358 G a u s s , N^ = 1x10^ cm"^, 
a = 3.53) . Unlike the two component c a s e , the surface does not 
rise from w = 0 but has a cut off at A t k上二 0 the d i s p e r s i o n 
curve rises smoothly to the frequency Cl^/Y^ given by (2.4,14) . At 
this point there is a discontiunity of s l o p e , and the branch label 
changes from L to R . For k = 0 the dispersion curve rises 
smoothly from the cut off at. to the resonant frequency 
The only new surface lies just above the Shear A l f v e n ion 
cyclotron surface (Figi2.32). It may be called the Upper ion 
cyclotron-lower hybrid s u r f a c e . It rises u p from w = 0 , for k 丄 = 0 
it touches the Compressional Alfven surface at 〜 “ 口 ‘ changes its 
branch label from R to L and finally has a resonance at For 
k = 0 the dispersion curve rises smoothly to the resonance at 
z 
w • Above w the WS are two sheeted hyperboloids (G^ to G^ in 
LH L H 
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Fig.2.27 Double log. CMA diagram of a three component electron ions 
1 1 /i A ,1 - 0 ^ A /A = 2. Z = Z = 1. O n l y the r e g i o n 
m a g n e t o p l a s m a . u = 1/10. M _ U . J . a^/a^ 心i “2 
close to and above the ion cyclotron resonances is s h o w n . 
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\ ..-..2.29 Double l o g . CMA diagrams of a t h r e e c o m p o n e n t e l e c t r o n ions 
‘ ma g n e t o p l a s m a for d i f f e r e n t c o m p o s i t i o n s , u = 1 / 1 0 . 、 〜 = 2 . Z , = Z : - 1. 
_ (a) p = 0.01 (b) M : 0.3 (c) p = 0.8 (d) M = 1 
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Fig.2.30a D i s p e r s i o n curve of / / 
a three component electron ions / / 
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Z Fig.2.30b Dispersion curve of 
/ a three component electron ions 
y magnetoplasma. (o vs Ic 丄 for 
• kz = 0. <0 <、. u = 1/8. 
A^/A^ = 2 . Zi = Z2 二 1 . 
M = 0.3. a = 3.39. 
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二 Fi^.2.31 Compressional Alfven middle hybrid surface (low freq.) (e.H+D十 
m a g n e t o p l a s m a ) . B = 3 5 8 G , N^ = . . = 0 . 7 . 0 . . 0 . 0 0 2 , 
0 ^ k^ ^  0.002 (cm-M. co/c contours (cnT，）： H, = 3xl0-\ H, = 2.5xlO-\ 
H3 = 2xl0-\ H^ = 1.5x10-4，Hs = 0.9x10-4, H^ = 0.76x10-4. 
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I co/c contours (crn'M : Gi = 1 . 0 6 x l 0“, G , = = 0 . 9 x l 0 - \ 
； G = 0.76xl0-\ G, = 0.72X10“，G^ = 0.62x10-4’ G ? = 。 . 糊 “ . 
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d o m a i n 1 3 c i , 13cii and 14b), below W^h the WS are ellipsoids (G^ 
in domain 15b and G? in 19c)• The corresponding X , Y values of the 
w/c contours are ploted in Fig.2•33. 
2.5 Doppler shifted wavevector surfaces (DWS) 
As mentioned in the section 2.1, the DWS for a moving source 
of proper frequency w。, moving along the axis of symmetry of the 
medium can be geometrically represented by projecting the line of 
intersection of the dispersion surface and the Doppler plane 
/ ” k V onto the k -k p l a n e . This represnetation can be 
• 2 z j-
easily visualized by refering to the perspective plots of 
dispersion surfaces shown b e l o w . 
A . Examples of DWS in 迎 isotropic cold plasma 
First we consider an isotropic cold p l a s m a . The dispersion 
relation (putting c = 1) is given by 
= k^ (2.5.1) 
p 
where w is the plasma frequency. For a monochromatic source p 
moving in z direction w = (•>。" + k j . Putting this and 〜 = k cose 
in to (2.5.1), we get 
/ 2 i""""‘ 
vw cose/y ± V(o / COS e 一 cos e^ 
V 一 o E — CO (2.5.2) 
八 一 2 2 
1 一 V COS e 
• ； 
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w h e r e V^cos^e^ s i - ^ {2.5.3) 
It is o b v i o u s that for cos^e < 1 or > w real solution of k 
C P 
e x i s t s . T h e DWS are e l l i p s e s . Like static c a s e , the p r o p e r 
frequency of the source must be greater than the plasma frequency 
for waves to propagate in the m e d i u m . For 7 > w ^ W p > 1' a real 
critical angle e^ {0 ^ e^ ^ n/2) e x i s t s . In this case e is 
confined in 0 ^ 6 < 9 and each 9 corresponds to two different k . 
C 
This is an example of complex Doppler effect first discussed by 
Frank (1943). The situation can be easily visualized if one 
consider the perspective plot in F i g . 2 . 3 4 . The dotted curves are 
the intersection of the surface with Doppler p l a n e s . We choose 
V = 0.4 (in unit of c) a n d 。 J % = 1 . 8 1 , 1.38, 1.06 for the 
、 curves T , T and T， r e s p e c t i v e l y . For T^ w > 0 > 力 ， t h e cut 
1 2 3 H 
between w axis and Doppler plane lies below the cut off frequency 
w = (0 . As the plane tilts upward in p o s i t i v e k^ direction the p 
intersection between the dispersion surface and the plane is 
confined to k^ > 0, so a close DWS is formed t h e r e . The g r o u p 
veloctiy and hence radiation is also confined to forward 
d i r e c t i o n . Lai and Ng (1990b) discussed this effect of all forward 
radiation and had found an analytic expression for the far f i e l d . 
B . Examples of DWS in cold magnetoplasma 
The source is assumed to be moving in the direction of the 
magnetic f i e l d . Consider the Doppler p l a n e s intersect the High 
frequency R , X surface shown in F i g . 2 . 3 5 . The same surface is 
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shown in F i g . 2 . 7 . We choose V = 0 . 2 . C o m p l e x Doppler effect exists 
for the curve L and L^, which have o) /c equal to 0.225 and 0.215 
4 5 c 
cm-i r e s p e c t i v e l y . These frequencies are smaller than the cut off 
frequency w /c = 0.2257 cin'\ So stationary sources with these 
frequencies do not excite propagating waves for this surface but 
sources moving sufficiently fast d o . 
Sometimes the DWS for manetoplasma is quite c o m p l i c a t e d . 
Consider the Electron cyclotron-upper hybrid surface already shown 
in F i g . 2 . 1 2 . We draw two Doppler planes of V 二 0.4, w y e = 0.13 
and 0.14 cm"^ to intersect this surface (Fig.2.36). It can be seen 
that two branches of DWS are formed by the intersection of a 
single p l a n e . For the DWS Q^ AEFF exists for both b r a n c h e s , which 
never exists in static c a s e . 
2.6 Dispersion surfaces of a moving magnetoplasma 
Consider two inertial frames S and S'. S' is moving with a 
velocity V = Ve with respect to S. A medium is at rest in S and a 
monochromatic radiating point source is at rest in S'. The Doppler 
shifted wavevector surface is given by the (2.1.1) 
2J(k , k , k , (0/7 + k V) = 0 (2.6.1) 
X y z ® Z 
Denoting the quantities in S' frame by a p r i m e , the dispersion 
relation of the waves in S' is given by 
35(k', k', 7(k' + V(o。），7(w。+ k'V) ) = 0 (2.6.2) 
X y z z 
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where k = k,, k = k' and w' = <0。 is the proper frequency of the 
X y y 
s o u r c e . Suppose we have drawn the wavevector surface described b y 
(2.6.2) . If we define 在 = k二 + Vw。 and take I to be the new 
coordinate a x i s , the coordinate origin is translated from 
iJ = (0, 0 , 0) to k = (0, 0 , — V w。）， hence (2.6.2) transformed to 
, k , 1展,0) /y + Y在V) = 0 (2.6.3) 
X y o 
W h i c h is exactly the DWS given by (2.6.1) contracted by a factor 
of y in the direction of V . This is a very simple geometrical 
relation between the DWS and the WS of a moving medium for the 
same s o u r c e . It should be noted that we are considering the m e d i u m 
moving with -V with respect to the source, for +V the direction of 
k axis should be r e v e r s e d . 
z 
Let us consider a two component electron-ion magnetoplasma at 
rest in S . S is moving with velocity V = Ve^ with respect to S' in 
the direction of the static magnetic f i e l d . The Lorentz 
transformation of k and Q is given by 
Z 
w = 7((o' - k'V) (2.6.4a) 
Z 
k = y{k' 一 (o'V) (2.6.4b) 
z Z 
The dispersion relation of the medium at rest is given by (2.2.6). 
Putting Ic上=Icl = 0, k^ = 0 and {2.6.4b) into (2.2.6) , the cut off 
frequencies w' and w； of the moving medium are found to be 
R L 
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0)' = { 土⑴ 一 Q.) + / (Q + + } (2.6.5) 
R © i 6 i P 
Putting ！ ^ 丄 = ① in (2.2.6) , we obtain S = 0 . From (2.6.4a), 
we know that when = 0, <o 二 "yco, • Thus the hybrid frequencies of 
the moving medium can be written as 
= w y"^ (2.6.6) 
gg Si} 
which is lower than that of a stationary medium by a factor of 
Consider - the resonances at = 0 . As w 一 CI, k^ 一 (2.6.4b) 
gives 
— Q/y + k^V (2.6.7) 
where Q stands for Q or ft. • Hence the dispersion curve asymptotes 
6 J-
to this line at resonance. 
We display two dispersion surfaces of a magnetoplasma m o v i n g 
with V = 0 . 2 . The portions for k^ > 0 and k^ < 0 are shown in two 
separate figures (a) and (b) • The WS corresponding to the w/c 
contours are shown in figure (c) • Fig.2.37 shows a High frequency 
R , X s u r f a c e . The shape of the WS are very similar to the DWS 
shown in F i g . 2 . 3 5 . Fig.2.38 shows an Electron cyclotron-upper 
hybrid s u r f a c e . Note that the surface asymptotes to the p l a n e 
(2.6.7) close to the cyclotron resonance. 
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Fig.2.34 Doppler p l a n e s intersect the d i s p e r s i o n surface of an isotropic 
cold p l a s m a . V : 0 . 4 . V a l u e s of ： T , : 1.81, T^ = 1 - 3 8 , T3 : 1 . 0 6 . 
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Fig.2.36 D o p p l e r planes intersect the Plasma u p p e r hybrid surface in 
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F i g . 2 . 3 7 H i g h f r e q u e n c y R, X surface of a m o v i n g e'H* m a g n e t o p l a s m a . 
. 0 ^ k^ ^ 1 . 2 , 0 S Ic丄：S 1.2 ( c m " ' ) . V = 0 . 2 . B = 1 0 0 0 G , N^ : 1 x 1 0 " c n T ] . 
co/c c o n t o u r s ( c m ’ ： A’ = 1.4’ A^ = 1.2’ A3 = 1 . 0 ， 、 : 0 . 8 ， A ^ = 0 . 7’ 
A = 0 . 6 6 , A = 0 . 6 2 . P e r s p e c t i v e p l o t s for (a) k^ 么 0 and (b) k^ ^ 0 are 
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s h o w n . 
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Fi..2.38 E l e c t r o n cyclotron upper hybrid surface of a moving e.H* 
m a g n e t o p l a s m a . V = 0 . 2 . B = 1000 G , ^ = l ^ i o " • 。 < ‘ 1 • 2 , 
0 . k^ ^  0.8 (cm-i). a)/c contours (crn'M ： B, = 0.7, B^ = 0.6, B3 = 0.5, 
B^ - 0 . 4 , Bs = 0.3. B , = 0 . 2 , B , = 0.1. P e r s p e c t i v e plots for (a) k^ 之 0 and 
(b) k S O are s h o w n . 
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ILL EVALUTION OF FAR FIELD CAUSED BY A MOVING SOURCE 
3,1 Maxwell‘s equations and constitutive relations 
This section introduces the general formulations of M a x w e l l ' s 
equations and constitutive relations in Fourier space n e c c e s s a r y 
for deriving the far field by Lai and Chan's m e t h o d . T h e 
formulation for the constitutive relations of the medium is 
slightly m o d i f i e d . Following Kong (1986), we construct four six 
dimensional vectors (E B) , (D H) , (E H) and (D B) from the four 
basic electromagnetic field vectors E , B, D , H . The constitutive 
relations of linear medium can then be expressed in m a t r i x 
e q u a t i o n s . This formulation is particularly convenient when we are 
dealing with media in which electric and magnetic field couple 
together in the constitutive r e l a t i o n s . One simple but important 
class of these media is medium moving with uniform v e l o c i t y . Far 
fields in such media are found in chapter VII and V I I I . In 
studying the relation between the field in moving medium and that 
in stationary c a s e , Lorentz transformation are frequently u s e d , 
and the formulation given below further facilitates the expression 
of coupling of electric and magnetic field in relativistic 
considerations• 
In Gaussian u n i t , macroscopic Maxwell's equations take the 
form 
7-D(x, t) = 4jip(x, t) (3.1.1a) 
V B ( x , t ) = 0 (3.1.1b) 
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7xH(x,t) = J{x,t) + i (3.1.1c) 
•xg(2,t) = - J ||(3,t) (3.1.Id) 
where E , B , D , H , p, J denote the macroscopic electric field 
s t r e n g t h , magnetic induction, electric displacement, m a g n e t i c 
« 
field s t r e n g t h , charge density and current density r e s p e c t i v e l y . 
If all these quantities vanish as 丨tl — <» and 丨 2 丨 — 《 > , the 
Fourier transform of (3.1.1) e x i s t . In wavevector frequency {k,w) 
space. Maxwell's equations take the form 
k-D(k,{o) = 4jtp(k,o)) (3.1.2a) 
k-B{k,Q) = 0 (3.1.2b) 
kxH(k,a>) = - 43ii J{k,w) 一 co D(k,(o) (3.1.2c) 
kxE(k,w) = w B(k,o)) (3.1.2d) 
where we have put c = 1 for simplicity. The quantities Q ( x , t ) , 
Q(k,w) are related by the standard equations 
r® r 
^, -ik-x + iwt .3 ,. /o 1 oax 
Q(k,G>) = Q(x,t) e d K at (3.1.3a) 
ioo J 
t) = f f e 土 这 _ dco (3.1.3b) 
‘ L J 
Ampere's law (3.1.2c) and Faraday's law (3.1.2d) can be rewritten 
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in the m a t r i x form 
r ^ 1 r ^ r • • 叫 「 • • -
D = -43xi J + 0 _nxl E (3.1.4) 
-B J "" L 0 J L nxl 0 J L H J 
where (D B) s (D D D B B B ) and similarly for (E H) , I is vtiiKsx. c X y z X y z 
the unit tensor, n s k/cj is the refractive index vector and 
“ 0 -n n 
z y 
nxl 二 Ixn == n 0 -n • 丄 Z 太 
-n n 0 
y X 
is the antisymmetric m a t r i x (nxl) . . = so that (nxl)-u = 
_u-(nxl) 二 Jtx^ l for any vector u . From now o n , we shall concentrate 
on equations in k , Q space and drop the bracket (k,w) on the field 
quantities for s i m p l i c i t y . 
Constitutive relations for linear m e d i a can be written in the 
general form 
「 — 1 r • ^ 叫 r “ 
D _ e C E 、 (3.1.6) 
_ B J L " J L H J 
where t, Jx, C. X are 3x3 matrices which can be constant (in 
non-disperisve m e d i a ) , depend on frequency (in temporal dispersive 
media) or depend on wavevector (in spatial dispersive m e d i a ) . 
Equation of the form (3.1.6) is equally applicable in real space 
time coordinates if'the matrices are replaced by differential and 
integral o p e r a t o r s . H o w e v e r , it should b e noted that (3.1.6) is 
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only a formal expression of the constitutive r e l a t i o n s , the 
explicit forms of the 3x3 constitutive matrices depend not only on 
the m e d i u m concerned but also on the convention c h o s e n . While 
(3.1.6) is given with (E H) and (D B) as basis v e c t o r s , it is 
sometimes more convenient to use (E B) and (D H) as basis v e c t o r s . 
In terms of the 3x3 matirces in (3.1.6), the constitutive 
relations can also be written as 
D 一 e - C-M C-M E (3.1.7) 
H - /i -X /i _ - B -
where the superscript -1 denotes the inverse of a m a t r i x . This 
formulation will be applied to the discussion of moving medium in 
chapter V I I . 
3.2 Calculation of f ^ field ^ h ^ and Chan's method 
In this section we summarized the method to evaluate the far 
field caused by a m o v i n g source in anisotropic medium developed by 
Lai and Chan (1986)• Their method utilizes the concept of 
wavevector surface, w h i c h is originally used by Lighthill (I960) 
in his calculation of far field caused by a stationary s o u r c e . The 
generalization of this concept to moving source leads to the idea 
of Doppler shifted wavevector surface (DWS) already mentioned in 
chapter I I . The final expression of far field can be found in 
l l n f a c t , s i n c e e l e c t r i c f i e l d a n d m a g n e t i c f i e l d a r e r e l a t e d by M a x w e l l ' s 
e q u a t i o n s , the four constitutive m a t r i c e s in ( 3 . 1 . 6 ) are n o t u n i q u e for a 
g i v e n m e d i u m . 
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terms of the values of group v e l o c i t y , source v e l o c i t y , derivative 
of dispersion relation and Gaussian curvature of D W S . Such 
approach is completely coordinate free. A l s o the time development 
of the whole physical p r o c e s s , retardation interpretation of the 
I 
field become very transparent in this d e s c r i p t i o n . 
We start from the two curl Maxwell's equations (3.1.4). Using 
the constitutive relation (3.1.6), we can eliminate (D B) from 
(3.1.4), leading to 
MB pm M 广 — 
. V . . ！ ‘ 《3-2.1) 
. X - nxl /i J L H J L 0 J 
Writing H in terms of E and B by using (3.1.7), we have 
e-(C+nxI) •(口 -X) (C+nxI)-/i E = 一 4ni J (3.2.2) 
_ -nxl 工 J L B J L 0 J 
where the second equation is just Faraday's law. Eliminating B 
from (3.2.2), we obtain 
A(k,w) - E C k ^ w ) = - 字 J(k,a)) (3.2.3) 
(0 
Where A(k,a)) = £ + (C + nxl) -(nxl - X) (3.2.4) 
is called the dispersion tensor. In particular when C = X = 0, 
H = I, A(k,w) is given by 





where we have use the identity (see Appendix C) 
(nxl)-《nxl) = nn - n I 
Making E{k,{o) the subject of equation (3.2.3) and taking inverse 
‘ • ， 
Fourier transform, we find 
「 1 - pOH-ip 1"分 1 ^ 
E(x,t) : d k dco 入 e 士 - i o ) t (3.2.7) 
_ B(x,t) J J ( 2冗） 3丄饼士 P 2ji L nxl - . 
with S ( k , c o )；一 等 ( 3 . 2 . 8 ) 
where r{k,w) , 2J(k,w) are respectively the adjoint tensor and the 
分 — • 
determinant of A(k,w) , i.e., 
= r(k,o)/3(k,a>) (3.2.9) 
t p 
• '、 - ' . • 
2)(k,w) is known as the dispersion function, p is an infinitestimal 
positive quantity introduced for obtaining results satisfying 
-•、.、 
causality. Assuming a monochromatic radiating source of frequency 
Q in its comoving frame, we have 
o 
J(k,«) = 2jiJ(k) 5(0) 一 一 k-V 一 ip) (3.2.10) 
where J{k) is the Fourier transform of the current density 
J (x, t = 0) located at the coordinate origin (i.e. we assume at 
t = 0 the source is located at x = 0 ) , V is the velocity of the 
source given in the unit of speed of light c, 7 is the usual 
relativistic factor y = (1 - V ^ ) T h r o u g h o u t this paper we 
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h a v e p u t c = 1 ,so that k and x and t have the same u n i t . 
S u b s t i t u t i n g (3.2.10) into (3.2.7), after integrating over w, 
g (么 t ) = - i e - i — 芒 U i h e i 。 “ t ) (3.2.11) 
The s u b s c r i p t D d e n o t e s that all the w d e p e n d e n c e in the square 
b r a c k e t is evaluated t h r o u g h the r e l a t i o n w = �J t + k - V . For far 
field o n l y the i n t e g r a t i o n domain w i t h i n a small n e i g h b o r h o o d of 
the s i n g u l a r i t y of the i n t e g r a n d c o n t r i b u t e s s i g n i f i c a n t l y . T h i s 
c o r r e s p o n d s to the s u r f a c e in w a v e v e c t o r space where the 
w a v e v e c t o r x satisfies 
2J(x, &) 二 �J � + x-V) = 0 (3.2.12) 
This is just the D o p p l e r shifted w a v e v e c t o r surface (DWS). T h e 
i n t e g r a t i o n over k can b e decomposed into a linear and a s u r f a c e 
i n t e g r a l , 
r r r 〜 
= d^x. dk^ (3.2.13) 
X N 
J D W S X - A N 
where N and 丄 denote the component of the vector n o r m a l and 
t a n g e n t i a l to the DWS r e s p e c t i v e l y , /ows^^^i. the surface 
integral over the D W S . A is a small p o s i t i v e q u a n t i t y so that 
i n t e g r a t i o n is taken o v e r a thin s h e l l around the D W S . 
D i f f e r e n t i a t i n g S with r e s p e c t to k , k e e p i n g w。 c o n s t a n t , we h a v e 
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f 
f 些 〕 = 翌 + 些 々 = ’ (3.2.14) 
U k “ 3k ^ 3k 
O J 
The subscripts outside the brackets denotes the variables to be 
kept constant in the d i f f e r e n t i a t i o n s . From (3.2.12) we note that 
( 8 2 1 / 3 ( 0 ) = (aS/aw^)^, hence (3.2.14) is simply the Legendre 
transformation of the three variables w。， k and 2L Clearly the 
gradiant vector 02J/8k)^ is normal to the D W S . By using (3.2.14), 
the first order expansion of the dispersion function about x can 
be written as 
f 
^it .jy ^ k.v . i.) = ^ . ( k - x ) (k-x)-v . f i . 
ak 
二 f 琴 + 萨 q r ( k ^ - x ^ ) — — 1 (3.2.15) 
where the subscript N denotes the component of a vector in the 
direction of idf^JdK)^, which is also normal to the D W S . 
Substituting (3.2.15) into (3.2.11), writing the exponential 
factor as 
exp{ik-{x-Vt)} = exp{ik^(x-Vt)^ + I x ^ U - Y t ) jJ (3.2.16) 
and using the standard approximation 
lim e士肿 2 ( 2冗士' “ _ (3.2.17) 
〜 IR^ o J . ^ - ip [ 0 , if T)<0 
一 A 
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for nA » 1 , the k integral can be e v a l u a t e d . The result is “ N 
H e - i 记 。 [ r ru.a>)-j(x) 1 3ix-(x-vt) (3.2.18) 
E(x,t) = d X " ^ 
冗 IDWS L w [(a2J/3x)o]N」D 
o o 
where DWS is the part of the DWS on which 
o 
(X - Vt) •(aa>yax)2j > o (3.2.19) 
By (3.2.17) , the other part of the DWS has no contribution to the 
i n t e g r a l . The surface integral (3.2.18), can be approximated b y the 
m e t h o d of stationary p h a s e . Essentially this means that the m o s t 
important contribution to the integral comes from a small area on 
the DWS (or WS when V = 0) where x-(5 - Vt) attains extremum 
v a l u e . To perform the i n t e g r a t i o n , we first choose two o r t h o g o n a l 
parameters u / v to describe the surface, u , v are orthogonal if 
and only if the normal component (normal to the DWS) of the d o u b l e 
derivative a^x/Sudv vanishes on the s u r f a c e . At the p o i n t of 
stationary phase x - U - Vt) is extremum, in other words the first 
derivatives of this quantity vanishes, i . e . , 
= 0, ^ - ( x - V t ) = 0 (3.2.20) 
Since aJ/au and dx/dv is tangential to the D W S , it follows from 
(3.2.19) and (3.2.20) that x - Vt is in the same direction as 
(6(0 which is n o r m a l to the DWS at the point of s t a t i o n a r y 
o 3 
p h a s e . Hence we have the expansion 
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^ ( ^ V t ) = (x% I ^ (u-u^)^ I ^ {v-v^)').(^Vt) (3.2.21) 
8u dv 
where s denotes the value at the point of stationary p h a s e . T h e 
principal curvatures along u , v direction are given by 
t 
入妄 f a ^ x / a u ^ 1 \ 田 r a ^ x / a v M 0 . 2 . 2 2 ) 
u I lax/aui^^N , V L ia;av|2八 
A g a i n N denotes the n o r m a l d i r e c t i o n , which is now also p a r a l l e l 
to X - V t . Changing the variable of integration to u , v , we have 
= i g X ill du dv (3.2.23) 
A l s o we note that if 丨hi A » 1, the approximation 
A 2 / 
dg / l - ^ l exp{iji sgn(h)/41 (3.2.24) 
-A 
h o l d s . Left hand side of (3.2.24) is just the value of the 
complete Fresnel i n t e g r a l . Putting (3.2.21) and (3.2.23) into the 
(3.2,18), using (3.2.22) and (3.2.24) , the surface integral can b e 
readily found. A p a r t from an unimportant p h a s e , the far field is 
found to be 
g(二 t) = y 2 _ _ r - J ( x ^ ) _ ^ix'-x-iut 1 (3.2.25) 
‘ 々 - 夺 t i 厂 L “ ( a 2 J / a 々 „ Jd 
• • 
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The summation is taken over all points of stationary p h a s e . K is 
the Ga u s s i a n curvature of the surface at x , i.e., 
K = IX X I (3.2.26) U V 
While (3.2.26) is true only when u , v are orthogonal p a r a m e t e r s , K 
in (3.2.25) is a general property of the DWS and is independent of 
coo r d i n a t e s . We have assumed K 0 in the de r i v a t i o n . In this case 
the far field is inversely proportional to distan c e . The cases 
when K = 0 had been treated m a t h e m a t i c a l l y by Lighthill (I960). A 
physic a l case of K = 0 is considered b y L a i , Ng and Tong (1989). 
They calculated the axially enhanced far field (AEFF) for static 
radiation source in cold m a g n e t o p l a s m a , in which the position of 
stationary phase is a cylindrical ring with zero G a u s s i a n 
c u r v a t u r e , leading to a far field expression inversely 
proportional to the square root of d i s t a n c e . 
Retardation interpretation of the far field is transparent in 
this formulation. Consider the group v e l o c i t y U in the m e d i u m , by 
defi n i t i o n , 
iJ s f 考 1 二 _ 鄉/a; (3.2.27) 
^ 8x 63/aw 
It then follows from (3.2.14) and (3.2.27) that 
f 、 
f 些 1 二 一 萨 （ 3 一 守 ） = - i 藍 》 (3.2.28) 
、ax 夕0)。 L J 3 
• . 
This implies that the vectors U - V , x - V t , and idi^ydx)^ are 
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i 
in the same direction. We may define t smaller than the 
observation time t by the relation 
(U - V) (t - t ) = X - Vt (3.2.29) 
e 
or (t - t ) U = X - vt (3.2.30) 
e e 
.. - . , • 
Thus the meaning of t is apparent. At time t , the position 
e e 
vector from the source to the observation point is given by 
X — Vt , so when a radiation signal is emitted at this moment, 
(3.2.30) implies that it propagates with the group velocity of the 
medium and takes the time t - t to reach the observation p o i n t . 
e 
Hence t^ can be naturally inteirpireted as the retarded time 
(Fig.3.1, 3.2) • 
Using (3.2.28), (3.2.29) and (3.2.30) the far field can also 
be written as 
= Y ？ ” r J l J U l L . ] 仗 (3.2.31) 
L I x - v t I IU-VI n r L ^ a2J/aa> -‘ D 〜 
s e r ^ 
Lai and Ng (1990b) found an analytic expression of the far 
field for cylindrically symmetric Doppler shifted wavevector 
surfaces of the form 
k"^ = C + Bk + Ak^ (3.2.32) 
丄 z z 
where z axis is the axis of symmetry. A , B, C are constants 
depending on V , w。 and also on the nature of the medium. The point 
of stationary phase is determined by 
si 
』‘ z 
V-V e^ \ 
M 
1 ^ Y 
\ I 
X \ J 
Fig.3.1 T h e o b s e r v e r is s i t u a t e d at P . The source is moving u n i f o r m l y in z 
d i r e c t i o n . A t time t = 0 the source is at 0 . At time t^ it is at S' . T h e 
energy e m i t t e d by the s o u r c e at time t想 is r e c e i v e d by P at time t, when the 
source is at S . 
kx 
Fig.3.2 a and ^ are the p o l a r a n g l e s of U and U - V r e s p e c t i v e l y . U is 
p a r a l l e l to x - V t ^ and U - V is p a r a l l e l to x - V t (c•f’Fig•3•1)• x - V t is 
normal to the D W S . U . V and x do not lie on the same p l a n e if the DWS d o e s 
not p o s s e s s c y l i n d r i c a l s y m m e t r y or if V is not along the axis of s y m m e t r y . 
8A 
- O k /ak ) = (z - V t ) / x s T (3.2.33) 
JL z Ot) 
o 
for an observer lies in x - z p l a n e . In terms of r the point of 
stationary phase and the Gaussian curvature are found to be 
X = [A/“2 - A)] " 2 / 2 (3.2.34a) 
JL* 
X = {-B ± T[A/(a:2 一 (3.2.34b) 
z 
K = - A i m + r 〒 x : r i (3.2.35) 
Thus the far field can be written out as an explicit function of 
space t i m e . 
3,3 Radiation energy flow 
In this section we summarize the calculation of radiation 
energy flow and the relation between power emitted and received 
for the far field caused by a uniformly moving source. The time 
averaged energy flux in a general anisotropic dispersive medium is 
given by (Stix (1962)) 
<S(x,t)> = - F -I 1 E (3.3.1) 
i6jt ^ ax J 乂 • 
where E is given by (3.2.25) or (3.2.31) , A is the d i s p e r s i o n 
tensor, and * denotes complex conjugate of a q u a n t i t y . W e note 
that 
85 
^ -4 A. .1 E a J^ r^ f A. .1 E 
xjJ X J … n L 3- ijj J 
= - I A..) E . (3.3.2) 
since A E = 0 for the far f i e l d . (3.3.2) can be further 
i j j 
simplified by using the fact that A is h e r m i t i a n , i.e., 
a /r* A V - -i (r A = ^ 5 二一 I? 5 (3.3.3) 
Using (3.3.3) and (3.2.29), the Poynting vector is found to be 
〈咨(^t)> = / 叫 I P ( 3 丄 4 ) 
(x-Vt ) (U-V) K L (0 32)/aw」d 
e 
Thus the energy flux received by the observer at time t and 
position X is inversely proportional to (x 一 Vt^)^, which is the 
square of the distance between the source and the observer at the 
retarded time t • The power received per unit solid angle 
subtended at the retarded position is g i v e n by 
丝 一 u3 _ 1 . 5 (3.3.5) 
^ 4ji(u-v) ^  K L w asj/ao)」D . 
Next we shall study the power emitted by the source per u n i t solid 
a n g l e . If the source radiates for a time T which is very long 
compare with the typical time scale of variation of the f i e l d , the 
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total energy emitted is given by 
pT/2 
W = - I dt (J(x,t)+J*(x,t) ) • (E(x,t)+E*(x,t) ) (3.3.6) 
^T/2 J 
Writing J and E in terms of its Fourier intgrals in k w space then 
integrating over time and space, we find 
W = I m f 丄 f do) [ •芒(—•&“)] ( 3 . 3 . 7 ) 
I 871^ J Q 25(k,a)) J 
Im denotes the imaginary p a r t . We have used the fact that for 
T » 1/(0 (w is the typical frequency of the waves concerned) and 
t 
real ^ 
』 广 e土石t dt 二 - I 一 桃 ) (3.3.8) 
2n -T/2 2ji ^T/2 
The integral in (3.3.8) behaves like a delta function provided 
that the integrand varies smoothly for Aw 这 1/T. For monochromatic 
source, J(k,w) = 2jiJ{k)6(a> 一 (o/y 一 k-V 一 i i ^ ) , hence time averaged 
power of emission P^ in the time interval T is given by 
r r ^ 1 ^ p 二 W 二 a\ J'^(k)- — ^ -JCk) (3.3.9) 
e T I J L w 2 J J D ^ 
where we have used the fact that T / 2 冗 — 5 ( 0 ) from (3.3.8) . D 
denotes that all the w dependence is evaluated through the 
relation q = w + k*V + ii^. Again the main contribution to the 
o 
integral comes from the a small neighborhood around 3 = 0 . One can 
87 
I • 
decompose the integral according to (3.2.13), and expand the 
dispersion function by (3.2.15) . As ^ > 0 , 
1/(C - i^) = ？(1/C) + 7ti6(C) (3.3.10) 
where ？ m e a n s the p r i n c i p a l v a l u e . Since r is h e r m i t i a n , 
J*(k) -rCkrQ) •J(k) is r e a l as p — » 0. The only imaginary part of 
the integral comes from the imaginary part of (3.2.15), w h i c h 
behaves like the last term in (3.3.10) as p — > 0. The k^ integral 
in (3.3.9) is trivial in the presence of the delta f u n c t i o n . 
Performing i n t e r g r a t i o n , we obtain 
P = ^ f d^x j N x ) . r — — l - J ( x ) (3.3.11) 
^ J o w s " U 
o 
In this case the surface integration is taken over the whole D W S . 
In the evaluation of the far field received by a distant observer 
the method of stationary phase is u s e d . This means that o n l y a 
small region AS on the DWS around the point of stationary p h a s e 
DWS 
contributes significantly to the far field, so in the course of 
， integration all q u a n t i t i e s , except the sensitive phase factor 
exp(ik-x - iwt), can be regarded as constant. Now consider a small 
part of the surface integral (3.3.11) over the same area AS^^^^, 
which gives the power emitted within the same solid angle t£i as in 
: (3.3.5). Making use of (3.2.28), we find 
AS r 1 
D W S "t* r •？ / o o 1 o \ 
^p ~ J • - J (3 . 3 .12} 
® 47iiu-vi L ^ asi/aw」p 
i-. 、 
^ . , 
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It is well known that in anisotropic medium, the group velocity is 
not in the same direction as x. Suppose AS^^^g subtends a solid 
angle in wavevector space. This is not the same as the solid 
yc 
angle AQ formed by Gauss mapping (So et al. (1985) , section 4.8) 
of the group velocity vectors on the boundary of AS^^^g. 
Mathematicallyr this means that with the group velocity vector at 
each point on AS … w e associate a unit vector of the same 
DWS 
direction, being directed outward from a common centre and 
terminated at the surface of a unit sphere, and define AQ as the 
solid angle subtended by these unit vectors (Fig.3.3). In order to 
find AP lt£i from (3.3.12) , we have to relate AS^^^g and From 
G 
elementary differential geometry (e.g. Smirnov (1964), vol.2), we 
• know that 
t£i = K AS (3.3.13) DWS DWS 
where . K is the Gaussian curvature of the D W S , 〜 曰 is the solid 
angle formed by Gauss mapping of vectors normal to the DWS (in the 
direction of U - V) on AS^^^g. If 7 二 0, is just equal to the 
AQ, the solid angle in which energy flows in real space. For 
: V 本 0； the relation between and t£i can be found as follows. 
Suppose V is in z direction (i.e. V = V e J . The Gauss mapping of 
the vectors U and U - V form two set of spherical coordinates 
(Fig.3.3) . a and 5 are respectively the polar angles of U and 
u - V make with the z a x i s , y is the azimuthal angle. \p is common 
to U and U - V because U , U - V and z axis lie on the same p l a n e . 




^ D w s = Sine (A5)识,公 o(Aip、，份。 （3.3.14) 
= sinoc (Aa) • (Aip) , (3.3.15) 
‘ o o 
w h e r e the s u b s c r i p t s under the b r a c k e t s d e n o t e the q u a n t i t i e s 
to be k e p t c o n s t a n t in the v a r i a t i o n s . It should be e m p h a s i z e d 
that all the v a r i a t i o n s in (3.3.14) and (3.3.15) s a t i s f y the 
r e l a t i o n 2J{x, w /y + x-V) = 0 , in w h i c h w。 is kept c o n s t a n t . T h i s 
o o 
allows two i n d e p e n d e n t v a r i a b l e s w h i c h m a y be locally taken as 。 
m or a, w . N o t i n g that (Aip) - ,、 二 〜，、‘we h a v e 
I 〜 s - sing (3.3.16) 
t£i sina 、 6 a」 
From F i g . 3 . 2 , it is not difficult to see that 
t a n ? = — — ^ — — (3.3.17) 
cosa - V/U 
D i r e c t d i f f e r e n t i a t i o n leads to 
1 
t£i lt£i = f U^/IU-Vl^ (3.3.18) 
DWS 
w h e r e f s 1 ———cosa sina (3.3.19) 
； U U 、8a 
F i n a l l y , u s i n g (3.3.13) and (3.3.18) to eliminate ASj^^^ in 
(3.3.12) and c o m p a r i n g with (3.3.5), we obtain 
l - , 
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dP 和 
——^ 二 f (3.3.20) 
dCl dQ 
From (3.3.19) , it can be seen that except for V = 0, f is 
generally different from u n i t y . 
To gain more insight into the meaning of f, consider a small 
amount of wave energy emitted by the source in the time interval 
(t , t + At ) . This energy reaches the observer in the time 
e e e 
interval (t, t + At). Variation of (3.2.30) leads to 
U (At - At ) + (t - t ) A3 = - “ t (3.3.21) 
e e e 
Both dispersion and Doppler relations must be satisfied for the 
energy to be received. Also as the source moves in z direction, 
its azimuthal angle remains unchanged in time, so the variation of 
U is subjected to the constraints 2J(x, w。" + x-V) 二 0 and 
少 = c o n s t a n t . Taking dot product of (3.3.21) with U , we obtain 
At = U - (V/U) cpsal Ate - (t - te) (AU/U) (3.3.22) 
From Fig.3.4 it is clear that to first order in A 
U (t - t ) Aa = V At sina (3.3.23) 
e e 
Eliminating t - t^ from (3.3.22), we have 
f = At/At (3.3.24) 
e 
In other words f is equal to the ratio of time interval in which a 
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certain amount of energy is received to the time interval for the 
same amount energy to be emitted within a small solid angle AQ. 
This point of view is in complete agreement with (3.3.20), because 
for a differential amount of energy dW to be emitted and received 




f = = — — ® (3.3.25) 
dt dP 
e 
f m a y be called the ratio of emitted to received power or 
simply the power r a t i o . We will come back to this factor in 
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(a) (b) 
Fig,3.3 M e a n i n g of G a u s s i a n m a p p i n g for (a) g r o u p v e l o c i t y U (b) U - V . 
‘Y observer 
� V 、 、 A / 
、 Z 
Fig .3.4 F r o m time t g to t ^ 十 Atg 參 the source travels a d i s t a n c e of V A t ^ , 
the p o l a r angle of the o b s e r v e r m e a s u r e d from the source c h a n g e s form a to 












4.1 Origin of the controversy 
Well before Lai and Chan published their work on the 
evaluation of far field by a moving source in anisotropic medium 
in 1986, there had been investigations by many authors on the same 
topic. These people obtained a result different from that of Lai 
and Chan's. They include Ogawa and Sakurai (1969), McKenzie 
(1964), Hoyng and Stevens (1977), Fung and Young (1982). In their 
results the far field is inversely proportional to the distance 
between the observer and the radiating source at time t = 0, when 
the source is at the coordinate origin, and is independent of 
observation time. They also used the method of stationary phase in 
their evaluation of the integral in wavevector space, but the 
point of stationary phase is also found to be time independent. 
These results are clearly restricted since as the source is moving 
with respect to the observer, the distance and the point of 
stationary phase (the region in wavevector space which gives 
greatest contribution to the far field) must be changing with the 
observation time. We propose that Lai and Chan has obtained the 
correct expression for the far field. The field has a correct 
distance dependence of 1/lx - Vt^l, where t^ is the retarded time 
- explained in the last chapter, so the far field is inversely 
proportional to the observer-source distance at the time when the 
wave signal is emitted. In vaccum, this result reduces to the well 
known Lienard-Wiechert potential. 
We find that the main difference in their methods that leads 
• • 
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to this controversy is the way of handling the Fourier integral by 
the method of stationary p h a s e . Clearly a Dirac delta function of 
I the form Mto — W / Y 一 k-V) exists in the Fourier transform of the 
i 
I current density if the source is monochromatic with w。 a s the 
i 
proper frequency. Starting with the Fourier integral (3.2.7) , Lai 
and Chan evaluate the u integral first. The integration over the 
delta function makes all the w dependence in the integrand to be 
replaced by w / y + k-V. Then the k integral is approximated by the 
method of stationary p h a s e . With all co related to k by the Doppler 
relation, the point of stationary phase is found on the Doppler 
shifted wave vector surface (DWS) 2 ) ( k ,�J t + k-V) = ()• On the 
contrary, many other authors first keep the frequency <o constant, 
and begin with the evaluation of the k integral by the method of 
、 s t a t i o n a r y phase. Since initially k and w are independent 
variables, the point of stationary phase is found on the ordinary 
wavevector surface (WS) 2J{k,a>) = 0 at constant w. With the point 
of stationary phase fixed (depends on the position of the observer 
only and independent of time I) , k is now a function of w, the w 
integral can be finally evaluated by the standard formula 
fdco 6(f(k(a>),o») G(k(co),a>) = Y [ “ “ ) ' 。 ） 1 (4.1.1) 
J05) 二、 Idf/dwl « u 
V 
where f and k are differentiable functions and the sum is taken 
over all v satisfying f {k(i>) ,u) = 0 . 
Apart from the factor exp{i(x-x - wt) ) , the far field found 
by the latter method is practically independent of time. For Lai 





stationary phase depends on time. Therefore it is clear that the 
two results are different in general. The two remaining questions 
are, how large is the difference and how to prove mathematically 
that one of the methods is wrong. The first question is meaningful 
i ‘ 
I only when we are comparing the far fields at a chosen observation 
time. If the fields so compared are the same or the difference is 
negligible we can say that the latter method for far field 
calculation is at least valid at a specific observation time. But 
how to choose this observation time ？ In section 4.3 we shall show 
that it is reasonable to choose an observation time t such that 
the retarded time t is equal to zero. With t chosen in this way 
e 
we compare the far fields in a unaxial non-dispersive medium and 
i, in a cold isotropic p l a s m a . It is found that the two results agree 
in the former case but disagree in the latter case. Since 
isotropic plasma is one of the simplest dispersive media, we think 
that the results generally disagree in dispersive medium. In 
Chapter V we compare the far fields numerically in a 
magnetoplasma. The great difference found in highly dispersive 
region also suggests that dispersive property of the medium is the 
main cause for the discrepancy. For the second question concerning 
the mathematical validity of the two methods we do not have a 
rigorous proof, but a few points is worthy to be mentioned in the 
last section. Furthermore, the validity of Lai and Chan's result 
is further confirmed in Chapter VII by applying Lorentz 
transformation to the radiation field caused by a stationary 
source in a moving medium. 
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4.2 Evaluating the far field ^ the method qt other authors 
Lai and Chan's method is already introduced in the last 
chapter. In this section we shall find the far field by using the 
I method of stationary phase before intergrating over the delta 
1 . 
function. The method presented below is essentially that adopted 
by McKenzie (1964), Ogawa and Sakurai (1969). Again we start with 
the far field integral 
= f 坐 r 冗土F l-J(k) 6(0) 一 (Do" 一 k-V) 
_ 2yc J (2冗）3 L 0) 」 
- 0 0 
X ei(k'X-ot) (4.2.1) 
Keeping w constant, we evaluate the k integral first. Decomposing 
the integral around x, where 2J(x,a>) = 0, we have 
r r r^N^^ 
d \ = d^x dk^ (4.2.2) 
J Jws X -A 
N 
This is identical to (3.2.13) except that the surface integral is 
done on the surface 2)(k,o) = 0 (WS) • Legendre transformation of 
the three variables 2J, « and k gives 
(4.2.3) 
ak aw ak aw 
where U is the group velocity in the medium. It is normal to the 
W S . Expanding 2)(k,w) about x, we have 
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f 
2){k-ip,o>) = (k - X - ip) = 「 驾 " 1 (k - x^ - i〜） (4.2.4) 
ak L ak： JN 
w h e r e N denotes the component of a vector in the direction of U . P 
is an infinitestimal quantity with 〜 > 〇• It is introduced for 
obtaining result satisfying c a u s a l i t y . Writing exp(ik-x) as 
(3.2.16) with V = 0, using (4.2.2)-(4.2.4), we can integrate over 
k . The result is N 
p® p. ^ ^ 
E(x,t) 二 i do) d'x - ~ N ( > c ) 记 - 边 J 飞 _ x-V) 
loo Jws ^ u a s v a c o 
o 
X e i ( 工 ⑷ (4.2.5) 
where WS is the part of the WS where x-U > 0. Then the method of 
o 
stationary phase can be applied to find the surface i n t e g r a l . 
Since w is independent of x, the point of stationary phase is a 
p o i n t on the WS where x-x is extremum. Together with the condition 
x-u > 0, this implies that x and U are in the same direction at 
the point of stationary p h a s a . The subsequent method of evaluating 
the surface integral is very similar to that used in deriving Lai 
and Chan's formula, except that it is done on the W S . Refering to 
the derivation in the last chapter, the surface integral in 
(4.2.5) is readily found to be 
= f d . ⑶ 》 ） 一 c o y . - x ^ - V ) 
, Ixl <0 U a2J/8« 
98 
i + 
i ->3 4 
I ^ - X - Q t ) (4.2.6) 
I 
I' where x® den o t e s the wavevector at the point of stationary p h a s e . 
We use WS to emphasize that the K收 is the Gaussian curvature on 
Wo 
the W S . T h e last step involves integration over w by using 
(4.1.1). We finally obtain 
g ( 5 , t ) = y V'Jix^) ( 4 . 2 . 7 ) 
where the who l e expression is evaluated at the Doppler shifted 
frequency at the point of stationary p h a s e . ^ is defined as 
5 s I 1 - f ^  x^.V 1 I (4.2.8) 
where the subscripts denote the variables to be kept constant in 
the d i f f e r e n t i a t i o n , a and rp are respectively the polar and 
azimuthal angle of U . Before w integration is pe r f o r m e d , 
integration over k^ relates x and w by the dispersion r e l a t i o n , 
and when the method of stationary phase is used x is further 
contrainted by the condition that U and x must be in the same 
d i r e c t i o n . Under these two conditions x® is a well defined 
function of w, so the differentiation in (4.2.8) is meaningful 
only when 3 , a and rp are kept constant. 
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4.3 C o m p a r i s o n of the fields found by L a i , Chan and other authors 
For simplicity, let us denote the meth o d used by Lai and Chan 
by the LC m e t h o d , and the method introduced in the last section b y 
the ELSE m e t h o d . The far fields found are respectively denoted by 
E (x, t) and t) . To make the comparsion reasonable, we 
LC ELSE 
shall choose an observation time t such that the point of 
stationary phase found by both methods are the s a m e . T he 
conditions that are satisfied at the point of stationary phase in 
the two methods can be summarized as f o l l o w s . For the LC m e t h o d , 
X - Vt II U - V (4.3.1) 
where the symbol || denotes that the vectors on its both sides are 
in the same d i r e c t i o n . From (3.2.30), we also know that 
X - Vt II U (4.3.2) 
e ” 
where t is the retarded t i m e . For the ELSE method, 
e 
X II U (4.3.3》 
Since V is in general not parallel to x , (4.3.2) and (4.3.3) 
immediately imply t^ = 0 if the point of stationary phase in both 
methods are chosen to be the sa m e . In other w o r d s , we want to 
compare E with the E,^ emitted at retarded time t = 0 , when 
^ ELSE LC ® 
the source is situated at the coordinate o r i g i n . Putting t^ = 0 in 
(3.2.31), and comparing with (4.2.10), we obtain 
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F 妄 ^ELSE IV - ui^ DWS (4.3.4) 
: : ^ I 、 s . 
I 
i 
Our. task is to evaluate this ratio F in some common m e d i a . 
A . c o m p a r i n g the far fields in an u n i a x i a l non-dispersive m e d i u m 
First we consider a general non-disperisve m e d i u m . The 
dispersion relation can be written as 
n(e,中）=x/Q (4.3.5) 
where e and <p are the polar and azimuthal angle of the wavevector 
X. The g r o u p velocity is given by 
a« A arT^ A 1 S (4.3.6) 
U 二 二 == n e、， + e 众 2 d) 
ax X 朋 0 sin^e d(P 中 
Hence the g r o u p velocity is only a function of direction and does 
not depend on x. It follows that the direction of group v e l o c i t y , 
being described by a and v>, is solely a function of e and 
Therefore the factor 2? can be wr.itten as 
汪二 1 - V cose f ^ 1 = I ( 4 . 3 .” 
、aw、,e,中 
where = d^/dx = Q/X (4.3.8) 
and the Doppler relation o : � + x j have been u s e d . 
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T o find the ratio of Gaussian curvature K^^^/ K^g, consider 
Fig.4.1. The point P lies on the line of intersection of a WS and 
a DWS in x space. is a differential area on the D W S . It 
DWS 
subtends an solid angle AQ^ in x space. AS^^ is another small area 
on the WS subtending the same solid angle b£i • So both the 
boundaries of and AS„。 lie on a small conic surface 
D WS WS 
enclosing t£i • To first order in the A's, 
x2 AQx = cosADWS ^^DWS - ^ s A 卯 AS^s (4.3.9) 
where A , A are respectively the angle between x and U - V , x 
DWS WS 
and U at point P . We define as the solid angle subtended by 
U W O 
unit normal vectors on (Gauss mapping of the vectors U - V) • 
U W ^ 
Similarly we define t£i as the solid angle subtended by Gauss 
w s 
mapping of the normal vector U on AS^^. In Fig.4.1, let A , B be 
two points on the boundaries of A S 蘭 and AS^^ respectively, with 
the line AB being in the radial direction of x (i.e. 0 , A , B lie 
on a straight line)• Since the medium is non-dispersive and A , B 
have the same e and (p coordinates, we see from (4.3.6) that the 
group velocity U at these two points are the same. In general with 
each point on AS there associates another point on AS^^ such 
1/W 2> 
that U at these two points are equal. This immediately implies 
that the solid angle A Q „ 。 ， being subtended by the Gauss mapping of 
Wo 
u on AS , is equal to Mi, the solid angle subtended by the Gauss WS 
mapping of U on AS - From last chapter, we know that this AO is 
DWS 
just the differential solid angle in which energy flows in real 
space (see (3.3.15)). By using (3.3.13), (3.3.18) and (4.3.9), the 
ratio of Gaussian curvature can be related to the power ratio by 
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Fig.4.1 
F i g . 4 . 1 A D W S i n t e r s e c t a W S in the w a v e v e c t o r s p a c e . The p o i n t P l i e s o n 
the line of i n t e r s e c t i o n . AS沾 and AS^^^ are t w o d i f f e r e n t i a l a r e a s on the 
W S a n d DWS r e s p e c t i v e l y . T h e y s u b t e n d t h e same s o l i d a n g l e B, A are two 
p o i n t s on t h e b o u n d a r i e s of A S , , and AS^,^ r e s p e c t i v e l y . T h e l i n e A B is in 
r a d i a l d i r e c t i o n of X. F o r a non - d i s p e r s i v e m e d i u m , the g r o u p v e l o c i t y V a t 
t h e s e two p o i n t s a r e e q u a l . 
^ V • Kz 
、譯 
\ x-vt., 
F i g . 2 
- -— — — — — 
F i g . 4 . 2 T h e D W S of an i s o t r o p i c p l a s m a w h e n c o m p l e x D o p p l e r e f f e c t e x i s t s . 
1 and -1 d e n o t e t h e two k v a l u e s c o r r e s p o n d i n g to the same 6 . T h e w a v e 
s i g n a l s c o n t r i b u t e d by t h e s e two s t a t i o n a r y p o i n t s are o b s e r v e d at t i m e t^ 
a n d t 1 r e s p e c t i v e l y , d。 is the c r i t i c a l a n g l e . 
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f u 3 二 H ！ ( 4 . 3 . 1 0 ) 
- V I " c o s A d w s K w s 
On the other h a n d , the cosine ratio in (4.3.10) is equal to 
C O 〜 = - 〜 二 IV - Ul Y(o , (4.3.11) 
cosAjjyg u - V) u ①。 
where we have made use of (4.3.8) and the Doppler r e l a t i o n . The 
development so far holds for general non-dispersive m e d i u m . Now 
let us consider a special case in which the radiating source is 
moving along the axis of symmetry of a uniaxial non-dispersive 
medium. In . this case n = n(e) has no 4> d e p e n d e n c e . It will be 
shown in chapher VI that f in such medium is given by f = 
(see (6.2.10) ) . Substituting this into (4.3.10) and using 
(4.3.11), we obtain 
DWS 二 r_i_i ——y— (4.3.12) 
K lU - V I ' WS 
This gives E^^l : 1 from (4.3.4). 
B . Comparing the far fields in an isotropic cold plasma 
The equation of the Doppler shifted wavevector surface (DWS) 
of an isotropic cold plasma is given by (2.5.2) and (2.5.3) . W e 
know that complex Doppler effect exists when y ^ W / W p 么 1- W h e n 
this h a p p e n s , each value of e (0 ^ e < e^) corresponds to two r e a l 
values of k . Hence for each 9 there exists two far field 
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. 等 
expressions, which corresponds to the far field observed at two 
different observation time (Fig.4.2). It should be noted that the 
direction of group velocity at these two stationary points are the 
same (k has the same direction as group velocity in isotropic 
medium) but their m a g n i t u d e are d i f f e r e n t , hence they corresponds 
to two wave signals emitted at the same retarded time and 
propagating in the same d i r e c t i o n , but they reach the observer at 
different time due to the difference in wave s p e e d . It should be 
noted that energy propagation is also confined to forward 
direction inside a cone with semi-apex angle e • This example of 
C 
all forward radiation was studied in detail by Lai and Ng {1990b)• 
For convenience, let us put the observer in x-z plane and 
define 
T s (z - V t ) / x = (U - V)/U = - O x /ax )明,、 (4.3.13) 
z X 丄 z jy,0)^ 
T) H (Z - vt )/x = U /U (4.3.14) 
’ e z X 
at the point of stationary p h a s e . The derivative in (4.3.13) is 
taken on the DWS (c.f. (3.2.32) ) . In the comparsion we have set 
t = 0, so that Tj 二 z / x . It is not difficult to show that the DWS 
€ 
(2.5.2) is a quadric surface of the form (3.2.33) . By applying 
(3.2.34)-(3.2.35) it can be shown that (Lai and Ng (1990b)) 
r ^ 1 2 2 -I 2 
K ； r — 1 ” H (4.3.15) 
DWS L 仏 7 … 2 J 
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！ , 
where n s / 1 - (w /w ) ^  (4.3.16) 
o p o 
In terms of z and 77, we m a y write 
lU - V i V U^ = (1 + T^)/(l + T]2) (4.3.17) 
Obviously K^^ = 1/x^ (4.3.18) 
since the WS is sphere of radius x. The group velocity is 
U = (x/G)) § (4.3.19) 
As in all isotropic m e i d u m , U is in the same direction as x, so we 
need not distinguish e ,中 and a； Therefore is equal to 
5 = 1 1 - Ox-V/aa))^, 0 中 I = I 1 一 «Vcos8/x I (4.3.20) 
Combining (4.3.15), (4.3.17), (4.3.18) and (4.3.20), the far field 
ratio F is found to be 
r _ 1 1 + X (4.3.21) 
w n Y 1 + T]^  丨 1 - wVcosG/x I o o 
X and T] can be expressed in terms of the ratio of components of U 
and V , which may be in turns written in terms of x , x^ and w b y 
using (4.3.19). Using the dispersion relation and the D o p p l e r 
r e l a t i o n , after some algebra we find 
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. • 
w n /y 
F = — (4.3.22) 
I X - wVcosO I 
Using (4.3.14), (4.3.22) can be rewritten as 
w n y y 
F = — (4.3.23) 
Tr / . 1/2 
vw (COS e 一 COS e ) 
P C 
Except when complex Doppler effect exists, F(8) = F(ji - 0) • 
(4.3.23) shows that F depends only on e , so when complex Doppler 
effect exists, the two values of x which correspond to the same 6 
give the same F . 
Polar plots of 1/F against e are shown in F i g . 4.3a and 4.3b 
for 0 ^ e ：^  n/2. F i g . 4.3a is plotted with = 1.05 and V is 
used as a varing p a r a m e t e r . For V = 0 the far fields are e q u a l . 
F i g . 4.3b is plotted with V = 0.2 and w。/Wp is used as a 
J 
p a r a m e t e r . For large V , F differs greatly from u n i t y . When complex 
Doppler effect exists the two far fields show greatest d i f f e r e n t . 
A l s o it should be noted that for G> /Q close to u n i t y , where 
o p 
dispersive effect of the plasma is important, the discrepancy is 
considerable. For G> /A> » 1 F tends to unity, as expected in O P 
v a c c u m . In comparsion with the result found in last section, we 
find that dispersive effect of the medium is a major factor 
leading to the discrepancy in the far fields found by the two 
methods, apart from the difference in time dependence of the 
fields. 
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v = 0 么 - 1 0 5 
U p - 0 8 F i g . 4 . 3a P o l a r p l o t of the far 
^ • ^ " ^ ^ ^ r " ^、 " ^ ^ field ratio 1/F ( ) in an 
\ i s o t r o p i c p l a s m a . = 1 . 0 5 . V is 
_ • u s e d as a p a r a m e t e r . F o r V = 0.4 and 
^ ^ ^ V = 0.5 r a d i a t i o n is all f o r w a r d . 
- Z —•^•J"^、冬 一 T h e c r i t i c a l a n g l e s 0。 a r e 
/ 0.4 — r e s p e c t i v e l y 4 7 . a n d 33.7。. 
0 0.2 0.A 0.6 0.8 1.0 
- ^ ii^-oo V= 0.2 I'O 
F i g . 4 . 3 b P o l a r p l o t of the far L 
field r a t i o 1/F ( IE^^/E^,^,I ) in an' 1.05 一 。 日 
i s o t r o p i c p l a s m a . V = 0 . 2 . 0)。/(0萨 is ^ _ _ “ ‘ 
us e d as a p a r a m e t e r . For • ^ 
化 - 1 . 0 2 is aXX - / 卞 乂 
f o r w a r d , and = 80.0 . / ^ ^ 
/ . X e I I I _ • — — I J 
0 0.2 0.4 0,6 0.8 1.0 
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4.4 Some remarks on the method of stationary phase 
I . 
From the comparsions, we can see that doing the method of 
stationary phase in k before integrating over o) via the delta 
function will lead to erroneous result. More generally, we think 
that method of stationary phase cannot be used if the integrand 
contains a very singular function. This method is used for 
integrals of the form (e.g. Jackson (1975) Chapter 7)1 
I = r /(x)ei中(X) dx (4.4.1) 
I 
We have assumed that 中(x) changes rapidly with x . This leads to 
rapid oscillations of the function exp[i 中（x)] in most of the 
integral domain of x , which averages almost to zero due to 
successive cancellation of maxima and minima, if fix) is a slow 
varing function. The only exceptional region is for x around the 
point x。 where 4/ s d中/dx = Around this point 中（x) changes 
rather slowly. Since fix) varies very slowly over this region, its 
value can be approximated by fix J • Expanding 中（x) to second order 
around x , the integral can be easily found to be 
P 
I ^ /2ni/4."(xJ fUJ e 士 中 （ x 。 ） (4.4.2) 
where 中"s d^tp/dx^. 
Now suppose jf(x) varies extremely rapidly over a narrow 
region Ax around a point x = a (a is not a point of stationary 
phase of (f>) , and if the variation of <p(x) over the interval 
I p o r m o r e d e t a i l a n a l y s i s , see for e x a m p l e . B e n d e r a n d O r s z a g 1 9 7 8 C h a p t e r 6 . 
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(a 一 Ax/2, a + AX/2) is not much greater than 2n, then the 
contribution of this region to the integral is certainly not 
negligible. Apart from the point of stationary phase, the 
contribution of this region must be suitably accounted for. In 
extreme case when f = SigU) ) , then of course only the point a 
where 9(a) = 0 contributes to the integral. For one dimensional 
case the argumemt is trivial. Consider the two dimensional 
integral for example 
I = r r dx dy 6(Y - X - a) E 她 V ) (4.4.3) 
J \ 
where the integration is taken over the whole x-y plane and h > 0 
is assumed. If we integrate over y first through the delta 
function, then integrate over x by the method of stationary p h a s e , 
we have 
工 二 /n±/2h ‘ eiha2/2 (4.4.4) 
The point of stationary phase is at (x,y) = (-a/2, a/2) . On the 
other h a n d , if we first keep y constant and integrate over x by 
the method of stationary phase, then integrate over y through the 
delta function, we have 
I = /ji}/h , (4.4.5) 
In the integration over x , we find that the position of stationary 
phase is on the line x = 0 . 
The first method obviously gives the correct answer. What is 
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wrong with the second method ？ When using the method of stationary 
p h a s e , we find x = 0 is the stationary position. We have assumed 
1 that this line gives the greatest contribution to the integral and 
the contribution from other region is cancelled due to rapid 
oscillations of the sinusoidal factor. This is true only if the 
integrand other then the sinusoidal factor is smooth. In this case 
we can divide the x - y plane by strips of infinitestimal thickness 
parallel to x axis. The integration is then equal to the sum of 
infinitely many "one" dimemsional integral in x , and for each of 
these integrals the approximation (4.4.2) holds. But now the 
function is 5(Y - X - a ) . For each of these strips the point which 
gives greatest contribution to the x integral is of course at 
X = y + a . The position which gives greatest contribution to each 
of the X integral, and hence to the overall result depends on the 
argument of the delta function only and surely not neccessarily 
along the line x = 0 . Therefore using stationary phase method in 
the presence of a singular function in the integrand will lead to 
erroneous result. In fact what should be done is to search for the 
point of stationary phase under the constraint of the delta 
function, which is exactly the method used to obtain (4.4.4). 
Although we do not have a rigorous mathematical proof, the 
example illustrated above makes it clear that why the result 
obtained by other authors is w r o n g . However, it should be noted 
that the Fourier transform of current density J has been assumed 
to contain a delta function. In reality no radiating source is 
permenantly periodic, the motion of charges will sooner or later 
be changed by interaction with other particles or slowed down by 
. Ill 
radiation reaction. Hence Lai and Chan's method is valid only if 
the source is periodic over a sufficiently long time, long enough 
so that the spread of the frequency spectrum of J(k,w) is confined 
within a small region k, a> space. Within this region the variation 
of other functions in the integrand must be negligible for the 
delta function approximation to hold. 
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V GYRO-RADIATION IN A COLD MAGNETOPLASMA 
5.1 Introduction 
In this chapter we shall apply the method of calculating far 
field and energy flux d i s c u s s e d in chapter III to a m a g n e t o p l a s m a . 
Numerical examples of p o w e r received per unit solid angle for a 
moving dipole source are s h o w n . In these examples we study the 
energy flux contributed by the three , dispersion surfaces of 
highest frequency in a electron-proton m a g n e t o p l a s m a . The speed of 
the source is chosen to be very mildly relativistic {V = 0.2 -
0.4) . It is found that in the presence of dispersion the p o w e r 
received is very sensitive to the speed of the source even at this 
rather slow s p e e d . The power received is calculated according to 
t 
(3.3.5), which applies w h e n the Gaussian curvature of the Doppler 
shifted wavevector surface does not v a n i s h . The results are shown 
in polar plots of dP/dQ against a (polar angle of group v e l o c i t y ) • 
Several cases of zero Gaussian curvature are found in the 
numerical c a l c u l a t i o n . These include the effect of axially 
enhanced far field (AEFF) discussed by L a i , Ng and Tong (1989) and 
the far field due to inflexion points on the wavevector surface 
discussed by Giles (1978)• In these cases (3.3.5) fails and the 
far fields have very peculiar distance d e p e n d e n c e s . H o w e v e r , their 
work is only concerned with the case of a stationary s o u r c e , and 
to extend the theory to the case of a moving source requires 
further investigation. 
In section 5.3 the Lai and Chan‘ s method is applied to 
calculate the the power received per unit solid angle due to a 
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j 
gyrating electron in a magnetoplasma. In a static magnetic field 
the velocity of an electron can be written as 
V = Ve + V (5.1.1) 
z 丄 
where V and v丄 are the components of the electron velocity along 
and perpendicular to the magnetic field respectively. The Fourier 
transform of current density involves a series of delta functions 
of the form 6(<o - 气〜 - k j ) , where m is an integer called the 
number of harmonics ranging from -① to + 0 0 ,〜二 eB/iOe is the 
cyclotron frequency of electron, and 
y 三(1 - (5.1.2) V 
It Should be noted that V , v and y^ are constant in time. 
Intergrating over k , (o space gives a series of Doppler shifted 
wavevector surface (DWS) contributing to the power received by the 
o b s e r v e r . For mildly relativitic source y^ is not too large and 
the Doppler planes (o = m Q j y ^ + k^V of different m are well 
seperated in k , o) s p a c e . Choosing a few harmoincs and dispersion 
surfaces which give the greatest contribution to the energy flux, 
we calculate the power received per unit solid angle numerically, 
and analyze the data for each harmonics and for each sheet of D W S . 
The results are then compared with those obtained by Ogawa and 
Sakurai (1969). The results are different for the reason mentioned 
in Chapter IV. The difference is found to be greatest in region 
where dispersive effect of the medium is significant. 
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5.2 Radiation energy flux caused a moving dipole in a 
magnetoplasma 
The d i f f e r e n t i a l power received by a distant observer p e r 
unit solid angle due to a moving radiating source is given b y 
(3.3.5), i - e . , 
坐 二 J ^ r _ I _ _ l . J (5.2.1) 
dQ 4jr(U-V) ^  K L w aSJ/aw」0 
First we have to write down the explicit form of (5.2.1) for a 
cold m a g n e t o p l a s m a . We assume V = V e ^ , where z is in the direction 
of the magnetic f i e l d . The dispersion relation can be written as 
= - (k^ - ？ ( 5 . 2 . 2 ) 
where ？^  = (H ± / H^ - M )/2S (5.2.3) 
H s (RL + - (P + (5.2.4) 
M 三 4 P S Q , Q H (k^ - Q^R) (k二 一 w^L) (5.2.5) 
This is just the dispersion relation (2.2.6) . Here we use k 
> . 
instead of x to denote the wavevector at the point of stationary 
p h a s e . For any quantity r we may define s (a^/ak^)^ and 
《记 a (3^/60)) k • We m a y use d^/dk^ 安右z + (i^ to signify the 
Z 
differentiation o n � with w related to k through the D o p p l e r 
relation w = w / Y + k V . Furthermore we write 9' a dg/di^ and 
o Z 
ff 3 if 9 = 9((o) is a function of w o n l y . The p a r t i a l 
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derivatives of H and M can be written as 
H = 2w(RL + PS) + (/{Rh + PS)" -（ P + S) (5.2.6) 
0} z 
H = -2(P + S)k (5.2.7) z z 
M = 4(PS)'Q + 4PSQ (5.2.8) 
<0 w 
M = 16PSk (k^ 一 Q^S) (5.2.9) z Z z 
H = 4(0(RL + PS)' + 2(RL + PS) + + PS)" (0(0 
- ( P + (5.2.10) 
z 
m 
H = -2(P + S) (5.2.11) 
2Z 
H == -2(P + S)'k (5.2.12) 
z(0 z 
M = 4(PS)"Q + 8(PS)'Q,、+ 4PSQ,、,、 (5.2.13) 
COG) W COW 
M = 16PS(3k^ - i/s) (5-2.14) 
zz z 
M = 16k { (PS) ‘ (k^ - w^S) - PSCw^S' + 2(oS) } (5.2.15) 
z(0 Z z 
where 
Q = + 2S{o) + Q^(RL) ‘ + 4Q^RL (5.2.16) 
(l) z 
Q = + 4wS' + 2S) + 8w^(RL)‘ 
WW z 
+ w4(RL)" + 12w^RL (5.2.17) 
The derivatives of the Stix's parameters are given in Appendix B . 
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Hence dC/dk = C + C V (5.2.18a) 
z z Ci> 
d^C/dk^ = C + 2C V + C V^ (5.2.18b) 
z z z zCi) (0(0 
where C stands for H or M . The Gaussian curvature on the DWS is 
given by 
d^k /dk^ 
K ^ — — (5.2.19) 
k 上(1 + T^)^ 
where T s (z - V t ) / x = -dk上/dkz 
= ( 5 . 2 . 2 0 ) 
at the point of stationary phase and 
^ [ 一 - i - 1 (5.2.21) 
2 / p [ d k ^ 2 一 [dkz J J 
where d ^ / d k ^ = -(S'V/S)?^ + (dH/dk^ ± g)/2S (5-2.22) 
d ^ ^ / d k ^ = -(V/S) (S" ？^  V + 2 S ' d ^ / d k ) 
、 Z I 
+ {d^H/dk^ ± (h - g2)q}/2S (5.2.23) 
z 
q s ( H 2 _ M ) - i Z 2 (5.2.24) 
117 
g s (HdH/dk - I d M / d k )q (5.2.25) 
Z 2 Z 
h s H d^H/dk^ + (dH/dk - - d^M/dk^ (5.2.26) 
z z 2 z 
D i f f e r e n t i a t i n g (5.2.2) l e a d s to 
aSJ/aw = -w"^ S (一- g不） (5.2.27) 
(t> 
“ = {-5土 g + 2 ( ^ 2 § 1 ( € 、 ) - 1 (5.2.28) 
z z 上 .W 
tana = U./U = 一）一 (5.2.29) 
•L» Z Z 
k l u 」 = {(一 + V 一 + (5.2.30) 
z 0) W 
w h e r e = -{S'l^/S) + { H记土 q m H 。 一 赢 M^)}/2S (5.2.31a) 
一 = { H 土 ci(HH - i M ) 1/2S (5.2.31b) 
Z Z z 2 z 
The a d j o i n t tensor r is g i v e n by (Lai, Ng and Tong (1989)) 
ft 
2 
r == a + a cos <b (5.2.32a) 
1 1 1 2 
r = a + a sin^d) (5.2.32b) 22 1 2 
r = a sin<t> cos中 + ia^ = (5.2.32c) 
12 2 3 21 
i； 
r = 一ia sin中•+ a ^ c o s 中 = ( 5 . 2 . 3 2 d ) 
^ 13 4 5 3 1 
I • 
(i. 




r,^ = ia C O S 0 + a^sin(|) = r* (5.2.32e) 
4 5 3 2 
r = a (5.2.32f) 
3 3 6 
丨I: 
w h e r e * d e n o t e s the c o m p l e x c o n j u g a t e of a q u a n t i t y ,中 is the 
a z i m u t h a l angle of k and the a's are g i v e n by 
a = PS - Sn^ - Pn^ (5.2.33a) 
1 丄 z 
i 
a , = nf(n^ - P) (5.2.33b) 
^ 上 
a = D(P - n^) (5.2.33c) 
3 丄 
、 a = D n n {5.2.33d) 
4 z 丄 
a = (n2 - S)n n (5.2.33e) 
5 z J-
a = (S - n^) (S - n^) - D^ (5.2.33f) 
6 z 
again n is d e f i n e d b y n s k/w, where w is the D o p p l e r s h i f t e d 
〜 f r e q u e n c y . H e n c e we h a v e 
J"(k).r-J(k) = (a! + a ^ m / + aJJ^I^ + 
： 一 2Iin(a3Jp2 + a^J^Jg) + (5.2.34a) 
f: for an o b s e r v e r lying o n x - z plane and 
? • 
I . 
• j"(k) .r-J(k) = a j j j ' + (a! + &2)1】2丨2 +、丨』 3丨 2 
I ,. 
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- 2 I m ( a - a + 2Re(a (5.2.34b) 
d i d 4 1 3 5 2 3 
for an observer lying on y-z p l a n e . Im( ) and Re ( ) mean the 
imaginary and real part of the complex quantity inside ( ). So far 
the expression given is independent of the nature of the s o u r c e . 
Now we take the source to be a dipole with dipole moment p ^ , 
oscillating with frequency w。 in its comoving c o o r d i n a t e . The 
Fourier transform of current density is given by 
J' (k' = -ijiw p {6(w' - w ) - 5(w' + (0 ) } (5.2.35) 
o o o 
Here the primes denote the quantities measured in the comoving 
\ c o o r d i n a t e . In general the Fourier transform of a real current 
density of a periodic source is a series containing such delta 
functions. For each terms involving a proper frequency w。 0 or 
its harmonics (i.e. mw。， where m is an integer), there always 
accompany another terms with negative w。• It is not difficult to 
show that the magnitude of the far field contributed by the 
positive 0)。 term and the negative w。 term are equal, and the sum 
of these two terms gives twice the real part of the far field if 
only one term is considered (see Appendix A , Lai and Ng (1990b)). 
This holds if the dielectric tensor of the medium satisfies the 
[ condition e(k,w) = e* (-k,-G)) , which is generally t r u e . In other 
words it is only neccessary to consider the positive frequency 
^ terms and multiply the final result by two to obtain far field, or 
( • 
I multiply the result by four if we are considering the energy f l u x . 
f Using Lorentz transformation it is not difficult to show that in a 
coordinate where the dipole is moving with velcoity V , the current 
120 
d e n s i t y is g i v e n b y (see A p p e n d i x B , L a i and Ng (1990b)) 
J(k,w) = 一 i j c ( ^ w 。 / " y + k-pV) 5((o - w。/7 一 k-V) (5.2.36) 
w h e r e p = i^。上 + (p^^/y) e^ (5.2.37) 
is the d i p o l e m o m e n t in the coordinate w h e r e the source is m o v i n g . • 
N o t i n g that J(k,a>) = — 《。/Y — k-V) , and using (5.2.1)-
(5.2.37), the e n e r g y flux can be found n u m e r i c a l l y . 
We m a k e p o l a r p l o t s of dP/dQ against a (polar angle of g r o u p 
v e l o c i t y ) for an e l e c t r o n - p r o t o n m a g n e t o p l a s m a . The p l a s m a 
p a r a m e t e r s are c h o s e n to be the same as that used for p l o t t i n g the 
I d i s p e r s i o n s u r f a c e s F i g . 2 . 7 - F i g . 2 . 1 1 (B = 358 G , N == 1x10曰 cm"^). 
First we shall c o n s i d e r the High frequency R,X s u r f a c e . W e 
put the d i p o l e in y d i r e c t i o n (p^ = p^e^) , the observer in x - z 
p l a n e and choose V = 0.2 (in unit of c) (Fig.5.2) . The p l o t for 
V = 0 is also g i v e n for comparsion (Fig.5.1). The proper f r e q u e n c y 
(0 is u s e d as a p a r a m e t e r . Fig.5.3 and Fig.5.4 are p l o t t e d w i t h 
o 
the same p a r a m e t e r s , but with the dipole in z d i r e c t i o n . T h e 
！ values of o are the same as that used for drawing the DWS in 
o 
F i g . 2 . 3 5 . As already m e n t i o n e d in section 2.5, the Doppler p l a n e s 
of w = 0 . 2 1 5 , 0.225 cm''^ (scaled by the speed of light in v a c c u m 
o 
“i.e. <0 /c) d o not intersect the d i s p e r s i o n surface when V = 0 (cut 
O 
P' .. 
off frequency w = 0.2257 cm" ), so no radiation is given o u t in 
R 
L these c a s e s . H o w e v e r w h e n V = 0.2 both frequencies g i v e s all 
I 
I — 
i forward r a d i a t i o n , as can be seen from the p o s i t i o n s of the 
I • 
I c o r r e s p o n d i n g D W S . Some features of the energy flux can be 
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observed from F i g . 2 . 3 5 , if one bears in mind that the slope of the 
Doppler plane is the speed of the source and the slope of the 
tangent plane to the dispersion surface is the magnitude of g r o u p 
v e l o c i t y . It can be seen that the backward (-z direction) 
radiation is g r e a t l y suppressed even at this relatively small 
s p e e d . This is due to two factors which can be easily seen from 
the dispersion s u r f a c e . F i r s t l y , the magnitude of group velocity 
is much smaller near the cut off at Wr. It is clear that the 
backward radiation is contributed by region on the dispersion 
surface which is more close to the cut o f f . Secondly, the factor 
lU 一 VI is smaller in the forward d i r e c t i o n . Since the power is 
proportional to U^/丨3 - Vl^, the backward power is significantly 
‘ smal l e r . For the case of all forward radiation, the power 
contributed by the "slow" waves (the lower frequency waves which 
have smaller U) is also much smaller because of similar r e a s o n s . 
When all forward radiation exists, radiation in each 
direction is contributed by two points of stationary phase on the 
D W S . However it should be noted that for radiation close to z 
direction, the contribution due to the "slow" waves is actually 
” u n p h y s i c a l , since obviously the group velocity for these waves are 
smaller than source v e l o c i t y , so the source will have an head on 
collision with the observer before the radiation is o b s e r v e d . 
: From Fig.5.2 we see that for large w。 t h e power received 
increases with o ) 。 ， b u t for w。= 0.215 c m " ' the radiation is 
unusally intense in the z d i r e c t i o n . W e found that if o>。is 
further decreased until the Doppler plane just touches the 
dispersion surface (the Doppler shifted wavevector surface (DWS) 






shrinks to a p o i n t ) , radiation in the z direction will tends to 
infinity. This is not difficult to u n d e r s t a n d . Fig.5.5 shows a 
丨cross section of a dispersion surface intersected by two D o p p l e r 
planes P and P of the same V . P^ is just tangential to the 
A W 2 
dispersion s u r f a c e , so V = U at the tangent p o i n t . When w。 o f P^ 
is d e c r e a s e d , P , tends to P^. If we assume the linear dimension of 
1 2 
the DWS formed by P^ is of the order of Ak, then it is clear that 
—2 
the Gaussian curvature of the DWS is of the order of (Ak)“ , also 
— 2 2 
lU - Vl 〜（d (x>/6k )Ak in the z d i r e c t i o n . Since other quantities Z 
in (5.2.1) are finite in the limit Ak > 0 , we have 
dP/dQ oc lU - Vl'"* K oc. — 00 (5.2.38) 
I 
. as Ak » 0 . To see the physical meaning of this s i n g u l a r i t y , 「 
consider the radiation in z d i r e c t i o n . Suppose a wave signal is 
: emitted at retarded time t and reaches an observer on the z axis 
_ e 
at time t . It is not difficult to see that the wave energy emitted 
in the time interval t - t within a small solid angle in the z 
s e 
: direction is confined within the linear dimension 
J Az 〜 l U - VI(t - t ) (5.2.39) 
I 
： If u > V , Az ~ > 0, so the energy flux density in the z d i r e c t i o n 
p 
； is very l a r g e . For a ideal source which starts radiate at time 
t . 
t t = -OO, infinite amount of energy is "squeezed" in Az, leading to 
I 
, the singularity in dP/dO. Of course in reality this never h a p p e n s . 
I -
I 「 Our calculation is incorrect in this case since for U close to V _ 
I 
“ the source is very close to the observer at time t when the w a v e 
i 
f signal is o b s e r v e d , and the far field approximation f a i l s . 
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Next we shall consider the High frequency L , O s u r f a c e . 
Fig.5.6 and 5.7 are the polar plots of dP/dQ for V = 0 and V = 0.2 
respectively f with the dipole in y d i r e c t i o n . F i g . 5.8 and 5.9 are 
similar plots with V = 0 and V 二 0.4, with the dipole in z 
d i r e c t i o n . No all forward radiation exists for the parameters 
c h o s e n . Again radiation in backward direction is greatly 
suppressed when the source m o v e s . 
The Electron cyclotron-upper hybrid surface is the surface of 
highest frequency w h i c h exibits the effect of axially enhanced far 
field (AEFF) in some frequency r a n g e s . On this dispersion s u r f a c e , 
there is still another situation in which the Gaussian curvature 
is zero along a curve on the wavevector surface (WS). Fig.5.10 
t shows this type of W S . On the wavevector curve k上 vs k^ there are 
two points (labeled P and Q) where and hence the Gaussian 
curvature v a n i s h e s . These two points of inflexion appears on the 
WS for w slightly above the plasma frequency. Giles (1978) 
evaluated the far field in this c a s e . The far field is found to be 
having a peculiar distance dependence of , where r is the 
source-observer d i s t a n c e . Clearly the formula for power received 
‘ (5.2.1) is incorrect in this case. 
The plasma frequency (o^  is equal to 0.0595 cm"^ for the 
plasma parameters c h o s e n . We choose = 0.06 cin_i and m a k e a 
• polar plot of dP/dQ vs a for a stationary dipole source with 
dipole moment in y direction (Fig.5.12) . A magnified plot of the 
central region is shown in the small box on the left top corner of 
the f i g u r e . The corresponding WS is shown in Fig.5.11a (the dotted 











F i g . 5 . 1 0 . We can identified the contribution of energy flux from 
different parts of the WS as follows : From k attains its m a x i m u m 
z 
卜 to the point of inflexion P the energy flux contributed by this 
region is very s m a l l , as can be seen from the magnified plot o n 
the left top corner of F i g . 5 . 1 2 . The is due to the very large 
Gaussian curvature in this region (see F i g . 5 . 1 0 ) . The angle a 
increases rapidly with decreasing k^ until the point of inflexion 
P , where the formula for power received (5.2.1) fails and p o l a r 
plot in Fig.5.12 blows up (the singularity is labeled P on the 
plot) . From P to the other point of inflexion Q a decreases w i t h 
k . At Q there is another singularity (labeled Q in F i g . 5 . 1 2 ) . 
z 
From Q to k^ = 0 a increases smoothly, and the contribution from 
this region is r e l a t i v e l y large. 
Fig.5.14 shows another polar plot of dP/dQ with w。 = 0 . 0 8 , 
0.056 and 0.04 cm" • The source is a stationary dipole in y 
d i r e c t i o n . For w = 0.056 cm"^ axially enhanced far field (AEFF) 
o 
exists, and (5.2.1) gives an singularity in z d i r e c t i o n . It is 
found that this frequency corresponds to a point in the parameter 
domain 7a on the modified CMA diagram (see Fig-2.3, 2.14) . W h e n 
AEFF e x i s t s , the position of stationary phase on the WS is a ring 
around the z a x i s . T h e energy flux contributed by the region 
inside the ring is very complicated. For simplicity, this area has 
: been neglected in the calculation. For w。= 0.04 cm"^ there is n o 
A E F F , but the WS is still very flat at the extrenum point of k ^ , 
therefore the small value of Gaussian curvature leads to a 
particularly intense energy flux in z direction. 
F i g . 5.14 shows a similar plot with w。= 0.08, 0.06 and 0.04 
I ‘ 
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c m ' , but the dipole source is now moving at V = 0.2 in z 
d i r e c t i o n . The corresponding Doppler shifted wavevector surfaces 
I (DWS) are shown F i g . 5 . 1 1 . For a stationary source with w。= 0.08 
j cm" the plot of dP/dQ by (5.2.1) has no singularity, that i s , n o 
I 
point of stationary phase with zero Gaussian curvature. But for 
V = 0.2 the frequency a> for negative value of k^ is Doppler 
! 
shifted to around 0.06 cm" , where inflexion points with 
d^k /dk^ = 0 exist (see the DWS B in Fig.5.11b) . Therefore two 
丄 z 1 
singularities appear in the plot of dP/dQ for a > n/2. The 
frequency w。= 0.06 cm" corresponds to a point in domain 7b o n 
the CMA diagram (Fig.2.3) . No AEFF is found in this d o m a i n . But 
when the source is moving at V = 0.2 u is Doppler shifted to 
、 around 0.055 cm"^ (in domain 7a on the C M A diagram) for negative 
k , hence AEFF a p p e a r s . The points of inflexion originally exist 
z 
at this frequency also disappear due to Doppler shifting in 
frequency. AEFF appears for w。二 0.04 cm"^, V = 0 • 2 in the forward 
direction for similar r e a s o n . The resolution of the DWS shown in 
» 
Fig.5.11 is not good enough to show the extrema of k^ for AEFF 
clearly, but the existence of this effect is confirmed by checking 
the frequencies. 
Here we have given a few examples to illustrate the D o p p l e r 
effect on the energy flux caused by a moving source in a 
: magnetoplasma. W h e n AEFF exists or when points o f inflexion appear 
on the wavevector surface the patterns of energy flux are expected 
to be very c o m p l i c a t e d . A detail account for these situations 
requires further s t u d i e s . Having established a general formulation 
for the radiation energy flux, we are now ready for the problem of 
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Fig .5.3 Polar plot of dP/dQ vs a for the High frequency R, X surface. 
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Fig .5.4 Polar plot of dP/dQ vs a for the High frequency R, X surface. 
Dipole source p^ = p^e^. V = 0.2. B = 358 G, N^ = 1x10^ cm"^. Values of u^/c 
(cm"^) : 0.215, 0.225, 0.25, 0.3. A magnified plot for small value of dP/dQ 
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Fig .5.7 P o l a r p l o t of dP/dO vs a for the H i g h frequency L , O s u r f a c e . 
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D i p o l e s o u r c e p。 = p ^ e ^ . V = 0 . 2 . B = 358 G , N^ = 1x10 c m ' . V a l u e s of u y c 
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F i g . 5 . 1 0 A special type of wavevector surface (WS) of m a g n e t o p l a s m a . Two 
p o i n t s of inflexion P, Q , are found on the w a v e v e c t o r curve k上 vs k^. A t 
these p o i n t s d ' V d k ^ = 0 . This type of WS can be found on the E l e c t r o n 
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F i g . 5 . l i b S e v e r a l D o p p l e r shifted w a v e v e c t o r s u r f a c e s (DWS) of the E l e c t r o n 
c y c l o t r o n u p p e r h y b r i d surface in F i g . 2 . 9 . V = 0 . 2 . V a l u e s of 0)。/c ( c m ' ' ) : 
B = 0 . 0 8 , B = 0 . 0 6 , B = 0 . 0 5 6 , B^ = 0 . 0 4 . P o i n t s of i n f l e x i o n e x i s t on 
1 , 2 3 
i DWS Bi for n e g a t i v e v a l u e of k^ due to D o p p l e r e f f e c t . AEFF e x i s t s on DWS B^ 
I in +z d i r e c t i o n for s i m i l a r r e a s o n . 
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Fig.5.12 P o l a r plot of dP/dQ vs a for the E l e c t r o n cyclotron upper h y b r i d 
s u r f a c e . D i p o l e source p。 = P。ey. V = 0. B = 358 G , N^ = 1><10 cm" . w。/c = 
0.06 cm" . A m a g n i f i e d p l o t for small value of dP/dQ is shown on the l e f t 
corner of the f i g u r e . P , Q are labels of the s i g u l a r i t i e s found in the 
c a l c u l a t i o n . They c o r r e s p o n d s to the inflexion p o i n t s on the WS of F i g . 5 . 1 0 . 
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Tig.5.13Polar plot of dP/dQ vs a for the E l e c t r o n cyclotron upper h y b r i d 
J s u r f a c e . D i p o l e source ；。二 P。2y. V = 0. B = 358 G , N。 = 1><10^ c n T ] . V a l u e s 
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1 5,3 R a d i a t i o n energy flux caused by a gyrating electron in a 
I — 
cold m a g n e t o p l a s m a 
In this section we present some numerical examples of the 
I power r e c e i v e d by a d i s t a n t observer due to a gyrating electron in 
a m a g n e t o p l a s m a . The results are compared with those obtained b y 
I Ogawa and Sakurai (1969) • The basic expression for the power 
received is already given in the last s e c t i o n . Our final step is 
to write d o w n the Fourier transform of the current density of a 
gyrating electron in a static magnetic f i e l d . The result is w e l l 
known (e.g. Melrose (1980) chpater 4). We derive it as f o l l o w s . 
The Lorentz force acting on an electron in a static magnetic field 
今 A 
B = Be is given by z 
d{y m v)/dt = -evxB (5.3.1) 
V e 
Where m^ is the rest m a s s , 0 = 7 + 。丄 = d R / d t is the velocity of 
the e l e c t r o n , V = Ve and y = (1 - The speed of light c 
Z 貨 
is taken to be u n i t y . The solution of this equation is given b y 
R 二（” AJ ) cos {Q t/y + 5) + ROY (5.3.2a) 
X ' V J- e . e V ox 
R = {-x V /Q ) s i n ⑴ t/y + 5) + R ^ ^ ( 5 - 3 . 2 b ) 
y V JL 6 e V y 
R = Vt + R (5.3.2c) z 
where Q s eB/m is the cyclotron frequency of e l e c t r o n , e e 
t 
r i 
\ . 135 
I 
I Y 
k^ = k c o s e a n d V = v cos^i,肝 is the pitch angle b e t w e e n v and the 
z a x i s . W e m a y take the initial c o n d i t i o n s 6 = 0 and R。 = 0 
w i t h o u t l o s t of g e n e r a l i t y . A s s u m i n g the o b s e r v e r lying o n y - z 
p l a n e w e m a y w r i t e 
i ' 
k = k e + k e (5.3.3) 
丄 y z z 
then k-R = (k v 7 ) sin(Q t/7 ) + k Vt (5.3.4) 
丄 上 V e e V z 
The factor e x p { - i (k v 7 /Q ) sin(Q t/y ) } can be w r i t t e n as (e.g. 
丄 上 V e • e V 
9 . 1 . 4 2 - 4 5 , A b r a m o w i t z and Stegun (1965)) 
e—i。sin(Qet/yv) 二 y J (么） e — i m⑴ e t " v ) ( 5 . 3 . 5 ) 
m = 
Where ^ = k 丄 v j / Q e {5.3.6) 
and J ⑷ is B e s s e l f u n c t i o n of order m . T a k i n g Fourier t r a n s f o r m 
ID 
of the c u r r e n t d e n s i t y 
. J(x,t) = - e v 6(x - R ( t ) ) , (5.3.7) 
using (5•3•4)-（5•3•6), w e o b t a i n 
j(k,w) = 2jie y I - mQ /y^ - k V) (5.3.8) 





where ？ (<&) s 一iv J ' (<t)e + (mv /<t) J 
m 丄 m X 丄 m y 
+ V J (5.3.9) 
I m z 
j' (<&) 3 dJ (-z) U s i n g (5.2.1) - (5.2.33) , (5.2.34b) , (5.3.8) and 
m m 
(5.3.9), the p o w e r r e c e i v e d can be found n u m e r i c a l l y . 
i 1 f 
B e f o r e p r e s e n t i n g o u r results a few p o i n t s s h o u l d b e 
c l a r i f i e d . J(k,w) c o n s i s t s of a sum of terms i n v o l v i n g d e l t a 
f u n c t i o n s . O w i n g to the d i f f e r e n c e in frequency terms w i t h 
d i f f e r e n t m d o not i n t e r f e r e . Hence the e n e r g y flux c o n t r i b u t e d b y 
each o r d e r m can be t r e a t e d separately b y using (5.2.34b) and 
(5.2.1) . F o r each term of p o s i t i v e m in (5.3.8) there a l w a y s 
a c c o m p a n y a n o t h e r term w i t h n e g a t i v e m . A s m e n t i o n e d in the last 
s e c t i o n , the total e n e r g y flux can be o b t a i n e d by c o n s i d e r i n g the 
c o n t r i b u t i o n from the terms with p o s i t i v e m (except the term 
m == 0) o n l y and then m u l t i p l y the result b y f o u r . F u r t h e r m o r e , w e 
have i g n o r e d the term m = 0 in our c a l c u l a t i o n , s i n c e the 
r a d i a t i o n d u e to this term is usually r e f e r r e d to as C e r e n k o v 
r a d i a t i o n and n o t as g y r o - r a d i a t i o n . 
T h e s i t u a t i o n b e c o m e s m o r e c o m p l i c a t e d when we c o n s i d e r the 
c o n t r i b u t i o n from d i s p e r s i o n surfaces w i t h n e g a t i v e f r e q u e n c y . 
C o n s i d e r the two s h e e t s of d i s p e r s i o n s u r f a c e shown in F i g . 5 . 1 5 . 
T h e y are d e s c r i b e d b y a d i s p e r s i o n function 2J(k,w) s a t i s f y i n g the 
c o n d i t i o n 2J{k,Q) = 2J(-k,-Q) . T w o D o p p l e r shifted p l a n e s of 
* 
g y r o - r a d i a t i o n , one of p o s i t i v e h a r m o n i c s m and the o t h e r of 
n e g a t i v e h a r m o n i c s -m i n t e r s e c t the s u r f a c e s . The theorem d u e to 
Lai and N g (1990b) says that the p o i n t s of s t a t i o n a r y p h a s e 
A(k , (0 ) a n d A'(-k ‘ -o ) (also for B and B') g i v e e q u a l 
a a ® ® 
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f； 
contribution to the far f i e l d . Therefore in the calculation we can 
i 
i 
ei ther choose to w o r k out the contribution from all positive 
harmonics (include A and B') and then quadruple the r e s u l t , o r to 
work o u t the c o n t r i b u t i o n from all sheets of dispersion surface 
with p o s i t i v e frequency (include A and B) and then quadruple the 
r e s u l t . In our c a l c u l a t i o n we have chosen the latter convention. 
In other w o r d s , the frequency is always taken to be p o s i t i v e , 
while the harmonics n u m b e r can be positive or n e g a t i v e . In this 
convention contribution from negative harmonics is confined in 
0。 s 0 s 9 0 w h e r e 6 is the polar angle of k . Essentially this is 
the convention used by Ogawa and Sakurai (1969). H o w e v e r , they had 
ignored the contribution from negative frequency dispersion 
surfaces in their c a l c u l a t i o n . Since this difference is not our 
I', 
main concern we should compare their results with our results 
divided by four. 
Following Ogawa and Sakurai (1969) and Sakurai (1972) we plot 
dP/dft against w using e as a parameter. But unlike their results 
in which m is used as a continuous variable we use it as a 
discrete variable (i.e. m = l, 2, 3. ..) , so that a point on the 
plot corresponds to a value of dP/dQ and co for a given number of 
harmonics m and a given e. Data of the same e are jointed together 
in successive order of h a r m o n i c s . We choose seven values of Q : 
1 5 。 ， 3 0 。 ， 4 5 。 ， 6 0 。 ， 7 5 ° , 1 0 5。 a n d . In all the calculations 
the pitch angle of the gyrating electron is chosen to be 45。. 
The underlined numbers indicate the number of harmonics of the 
data beside t h e m . Contribution due to waves excited on various 






only the first three surfaces of highest frequency. In g e n e r a l , we 
use the symbol o to denote data contributed by the High frequency 
R , X s u r f a c e , A and • to denote data contributed by the High 
frequency L , 0 surface and the Electron cyclotron-upper h y b r i d 
surface (or the Plasma-upper hybrid surface when 〜 > 
！ r e s p e c t i v e l y . Solid and hollow symbols jointed respectively b y 
solid and dotted lines are used to distinguish neighbouring points 
of different e. For the cyclotron surfaces we only consider the 
first few h a r m o n i c s . It should be noted that for some of these 
harmonics w is quite close to the resonant frequencies, w h e r e 
thermal effect dominates and the cold plasma model f a i l s . 
The corresponding Doppler shifted wavevector surfaces (DWS) 
、 a r e also s h o w n . The k -k curves are labeled by the number of 
-L Z 
h a r m o n i c s . When complex Doppler effect exists (i.e. one 0 
corresponds to two values of k) , we label the two values of k by 
capital a l p h a b e t s . These labels correspond to those in the plots 
of dP/dQ, so that one can easily identify the corresponding d a t a . 
Also we note that e only indicates the direction of k and n o t . the 
direction of energy p r o p a g a t i o n . In order to give more information 
about the direction of energy flux, we plot graphs of a (polar 
angle of the group velocity) against the number of harmonics m 
using e as a p a r a m e t e r . When complex Doppler effect exists the two 
data corresponding to the same e are labeled by capital alphabets 
according to the graphs of D W S . 
We choose two set of plasma parameters. The first set is 
I p o r s i m p l i c i t y we s h a l l r e f e r b o t h the E l e c t r o n e y e 1 o t r o n - u p p e r h y b r i d 




B = 358 G and N = 1x10® cm'^. This corresponds to w /27r = 285 
e ^ 
M H z , = 10^ M H z . The second set is B = 100 G and 
N = 1x10台 cm_3- This corresponds to w /2n = 285 M H z , = 280 
e P 
I MHZ. These p l a s m a and cyclotron frequencies were used by Ogawa and 
I Sakurai (1969) • The dispersion surfaces for the first set of 
parameters are already shown in chapter I I . 
First we consider the result obtained with the parameters 
B 二 358 G , N 二 1x10^ cm"^ and v 二 0.5. Fig.5.16a-c show three 
e 
graphs of dP/dO vs o obtained by u s . Fig.5.17 shows a similar 
graph obtained by Ogawa and Sakurai. In their graphs ( ) and 
( ) represent contribution from ordinary and extraordinary 
waves r e s p e c t i v e l y . ( -•_) represents contribution from 
r extraordinary waves of negative h a r m o n c i s . It can be seen that the 
most of their data correspond to o u r s . We are not sure whether 
complex Doppler effect had been taken into account in their 
calculation because harmonics numbers are not indicated in their 
r e s u l t s . For the first harmonic on the High frequency R , X surface 
at e. = 15。，complex Doppler effect exists, and the power, found by 
our method is c o n s i d e r a b l y greater than their r e s u l t . But for 
e = 105。 our result i s . m u c h s m a l l e r . Also for the first harmonic 
on the High frequency L , O surface at e = 6 0。 a n d e = 7 5。 t h e 
power found by our method is smaller. These low harmonics excite 
waves close to the cut off frequencies and «卩，where dispersive 
effect is i m p o r t a n t . For the cyclotron surface we have found data 
contributed by negative harmonics, but these are not found in 
their g r a p h s . 




why for the first harmonic on the High frequency R , X surface at 
0 = 15*" the power received is particularly intense. The size of 
the DWS is r e l a t i v e l y s m a l l . As explained in the last s e c t i o n , for 
such a s m a l l DWS with linear dimension of the order of Ak the 
I factor 丨3 - 力 K - i is proportional to (Ak) which leads to a 
i ！ 
very large value in (5.2.1) . However, in this case one m u s t bear 
in mind that at the time of observation the source may be quite 
close to the o b s e r v e r , hence the validity of far field 
approximation is q u e s t i o n a b l e . 
Fig.5.19 show three graphs of a against m using e as a 
p a r a m e t e r . Except for the low harmonics a is not much d i f f e r e n t 
from e on the High frequency R , X and the High frequency L , O 
s u r f a c e . Thus for high frequency the plasma is essentially 
isotropic as e x p e c t e d . But for the cyclotron surface the 
difference is s i g n i f i c a n t . At 9 = 1 0 5。， 1 3 0。 a is not m u c h 
different from e for the first harmonic, but for higher harmonics 
a first decreases rapidly with m , then levels off at constant 
values near the r e s o n a n c e s . 
Next we consider the result obtained with B 二 358 G , 
N = 1x10® cm"^ and v = 0 . 7 . Fig.5.2Qa-c show our r e s u l t . Fig.5.21 
e 
shows the result obtained by Ogawa and Sakurai. For the High 
frequency R , X surface the results generally agree, except for the 
second harmonic at e = 1 0 5 % 130。. For the High frequency L , O 
s u r f a c e considerable discrepancy is found for the lower h a r m o n i c s . 
Waves excited at these harmoncis have frequencies relatively close 
to the cut o f f , as can be seen from the figures of DWS (Fig.5.22). 
For the cyclotron surface at e = 75。 complex Doppler effect 
141 
e x i s t s , b u t in their result we cannot find any data correspond to 
this a n g l e . 
Consider the results obtained with the plasma parameters 
B = 100 G , N = 1x10^ Fig.5.24a-d show our results obtained 
e 
with and v = 0 . 5 , Fig.5.28a-d show our results obtained with 
V = 0 . 7 . For the cyclotron surface data contributed by positive 
harmonics and negative harmonics are drawn in two separate figures 
(c) and (d) for c l a r i t y . Fig.5.25 and 5.29 are the results 
obtained by Ogawa and S a k u r a i . Great differences are found in the 
results at low harmonics for the high frequency surfaces. In some 
cases our results are smaller than that obtained by Ogawa and 
Sakurai by a factor of two to three. These include the result for 
e = 7 5。， 1 0 5 ' in F i g . 5 . 2 4 a , 9 = 6 0。， 75。 in F i g . 5.24b and 
F i g . 5 . 2 8 b . For the cyclotron surface the results for e = 105。 are 
completely d i f f e r e n t . On comparing Fig.5.28 with 5.29 we find that 
the results for e = 105° differ by more than an order of 
magnitude I Also we note that the results are much different for 
the negative harmonics { in Ogawa and Sakurai‘s g r a p h s ) . 
In our results for some e the values of dP/dO vary more than an 
order of magnitude for the first few h a r m o n i c s . 
Finally we give an additional numerical example for a more 
relativistic gyrating electron (v = 0 . 9 ) . We use the plasma 
parameters B 二 358 G , N^ = 1x10^ cm"^ (Fig. 5• 32-5• 34) • The 
frequency separation of successive harmonics is much smaller due 
to the relatively large value of Instead of having a sharp cut 
off the power received decreases rather slowly with increasing 
frequency. For the high frequency surfaces suppression of 
142 • 
I 
r a d i a t i o n at the low harmonics is very apparent. A l s o for e > n/2 
radiation is greatly suppressed. This is mainly due to the 
d i s p e r s i v e effect of the medium near the cut off f r e q u e n c i e s . 
In c o n c l u s i o n , the power received found in our calculation is 
m u c h different from the result obtained by Ogawa and Sakurai for 
regions near the cut off frequencies and the resonant frequencies, 
where dispersive effect of the medium is i m p o r t a n t . Our 
calculation usually gives smaller values of power received at 
these r e g i o n s . These suggest the idea that the far field and 
energy flux found b y the method of Lai and Chan are much different 
from those found by other authors, especially when the speed of 
the source is relativistic or the dispersive effect of the medium 
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Fig.5.15 Two sheets of dispersion surface described by a dispersion 
function satisfying the condition 3(ic,<o) = 3(-i<,-(o) . Two Doppler 
shifted planes given by u = mQ^/y^ + k^V and o) = -infl^/7^ + k^V (m > 0) 
intersect the surfaces. Lai and Ng (1990b) show that the points A and A' 
(also for B and B') give equal contribution to the far field. 
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F i g . 5.16 G r a p h s of d P / d Q vs o) u s i n g 9 as a p a r a m e t e r . B = 358 G , N^ = 1x10 
V = 0 . 5 , 11 = 45°. P o w e r r e c e i v e d c o n t r i b u t e d b y w a v e s e x c i t e d o n 
d i f f e r e n t d i s p e r s i o n s u r f a c e s are p l o t t e d o n t h r e e s e p a r a t e f i g u r e s (a)• (b) 
a n d (c) . D a t a of t h e s a m e 9 are j o i n t e d t o g e t h e r in s u c c e s s i v e o r d e r of 
h a r m o n i c s . S o l i d a n d h o l l o w s y m b o l s are u s e d to d i s t i n g u i s h n e i g h b o r i n g d a t a 
r of d i f f e r e n t 6. T h e n u m b e r s u n d e r l i n e d i n d i c a t e t h e n u m b e r of h a r m o n i c s m of 
丨 the d a t a b e s i d e t h e m . T w o d a t a w i t h the same 9 a n d the same m i n d i c a t e s t h a t 
c o m p l e x D o p p l e r e f f e c t e x i s t s . 
F i q . 5 . 1 6 a d P / d Q v s (o u s i n g 0 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n the H i g h f r e q u e n c y R , X s u r f a c e . T h e data l a b e l e d C a n d D 
c o r r e s p o n d to t h o s e in F i g . 5 . 1 8 a and 5 . 1 9 a . 
F i g . 5 . 1 6 b dP/di) vs u u s i n g 9 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n the H i g h f r e q u e n c y L , 0 s u r f a c e . 
F i q . 5 . 1 6 c d P / d Q vs o) u s i n g 9 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
waves excited on the Electron cyclotron-upper hybrid surface. There are data 
c o n t r i b u t e d b y n e g a t i v e h a r m o n i c s . 
等 
F i g . 5 . 1 7 d P / d Q v s w u s i n g e as a p a r a m e t e r . T h i s r e s u l t w a s o b t a i n e d b y 
Ogawa and Sakurai. = 285 M H z , 〜 = 10^ MHz (B = 358 G, N^ = IxlO^ 
cm_3) . V = 0 . 5 , 11 = 45。. ( ) for o r d i n a r y w a v e s . ( ) f o r 
e x t r a o r d i n a r y w a v e s . . R e p r i n t e d from O g a w a and S a k u r a i ( 1 9 6 9 ) , J . 
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Fig.5.18 Doppler shifted wavevector surfaces of gyro-radiation. B = 358 G , 
N = 1x10^ cm-3, V = 0.5. fi = 45°. DWS for (a) the High frequency R, X 
e 
surface (b) the High frequency L, 0 surface (c) the Electron cyclotron-upper 
hybrid surface are s h o w n . The curves are labeled by the number of h a r m o n i c s . 
The data labeled C , D , Y and Z correspond to those in Fig.5.16 and 5 . 1 9 . 
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I • 
I F i q . 5 . 2 0 G r a p h s of d P / d O v s gj u s i n g Q as a p a r a m e t e r . B = 358 G, N ^ = 1 x 1 0 
I 
c m " ^ , V = 0 . 7 , fi = 45。. P o w e r r e c e i v e d c o n t r i b u t e d b y w a v e s e x c i t e d o n 
d i f f e r e n t d i s p e r s i o n s u r f a c e s a r e p l o t t e d o n t h r e e s e p a r a t e f i g u r e s (a)‘ (b) 
i 
a n d (c) . D a t a o f t h e s a m e 0 a r e j o i n t e d t o g e t h e r in s u c c e s s i v e o r d e r o f 
h a r m o n i c s . S o l i d a n d h o l l o w s y m b o l s a r e u s e d to d i s t i n g u i s h n e i g h b o r i n g d a t a 
of d i f f e r e n t e . T h e n u m b e r s u n d e r l i n e d i n d i c a t e t h e n u m b e r of h a r m o n i c s m o f 
t h e d a t a b e s i d e t h e m . T w o d a t a w i t h the s a m e 6 a n d t h e s a m e m i n d i c a t e s t h a t 
c o m p l e x D o p p l e r e f f e c t e x i s t s . 
F i q . 5 . 2 0 a d P / d Q v s « u s i n g 8 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e H i g h f r e q u e n c y R , X s u r f a c e . 
F i q - 5 . 2 0 b d P / d O v s o) u s i n g 8 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e H i g h f r e q u e n c y L , 0 s u r f a c e . 
F i q - 5 . 2 0 c d P / d O v s g> u s i n g 0 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e E l e c t r o n c y c l o t r o n - u p p e r h y b r i d s u r f a c e . T h e r e a r e d a t a 
c o n t r i b u t e d b y n e g a t i v e h a r m o n i c s . T h e d a t a l a b e l e d A a n d B c o r r e s p o n d t o 
t h o s e in F i g - 5 . 2 2 c a n d 5 . 2 3 c . 
F i g . 5 . 2 1 d P / d O v s o) u s i n g e as a p a r a m e t e r . T h i s r e s u l t w a s o b t a i n e d b y ‘ 
o g a w a a n d S a k u r a i . = 2 8 5 M H z , = 1 0 ^ M H z (B = 3 5 8 G , N ^ = I x l O ^ i 
cm"^) . V = 0 . 7 , V- = 45°. ( ) for o r d i n a r y w a v e s . ( ) f o r 
e x t r a o r d i n a r y w a v e s . R e p r i n t e d f r o m O g a w a a n d S a k u r a i ( 1 9 6 9 ) , J . 
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Fig.5.22 Doppler shifted wavevector surfaces of gyro-radiation. B = 358 G , 
N = 1x10® cm"^, V = 0.7. v- = 45°. DWS for (a) the High frequency R, X 
e 
surface, (b) the High frequency- L, 0 surface. (c) the Electron 
cyclotron-upper hybrid surface are shown. The curves are labeled by the 
number of harmonics. The data labeled A and B correspond to those in 
Fig.5.20 and 5.23. 
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_ s 
Q。l i 1 ‘ ‘ _ (a) The High frequency R, X s u r f a c e . 
1 2 3 A m 
(b) The High frequency L, 0 surface. 
J , 1 (c) The Electron cyclotron-upper 
(X 1 hybrid surface. The data labeled A 
一 O 
75 _ and B correspond to those in 
_ H Fig.5.20 and 5.22. 
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F i g . 5.24 G r a p h s of d P / d Q vs o) u s i n g 9 as a p a r a m e t e r . B = 100 G , N^ = 1 x 1 0 ^ 
V = 0.5, fi = 45 . Power received contributed by waves excited on 
d i f f e r e n t d i s p e r s i o n s u r f a c e s for m > 0 a n d m < 0 are p l o t t e d on f o u r 
s e p a r a t e f i g u r e s (a) , (b) • (c) and (d) . D a t a of the same 0 are j o i n t e d 
t o g e t h e r in s u c c e s s i v e o r d e r of h a r m o n i c s . S o l i d a n d h o l l o w s y m b o l s a r e u s e d 
to d i s t i n g u i s h n e i g h b o r i n g d a t a of d i f f e r e n t Q. T h e n u m b e r s u n d e r l i n e d 
i n d i c a t e the n u m b e r of h a r m o n i c s m of the d a t a b e s i d e t h e m . T w o d a t a w i t h 
the s a m e d a n d the s a m e m i n d i c a t e s that c o m p l e x D o p p l e r e f f e c t e x i s t s . 
F i g . 5 . 2 4 a dP/d^2 vs o) u s i n g 0 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n the H i g h f r e q u e n c y R, X s u r f a c e . 
F i q . 5 . 2 4 b d P / d Q vs o) u s i n g 9 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d on the H i g h f r e q u e n c y L , 0 s u r f a c e . The d a t u m l a b e l e d F 
c o r r e s p o n d s to t h a t in F i g . 5 . 2 6 b and 5.27b.‘ 
F i g . 5 . 2 4 c d P / d O v s (o u s i n g 0 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d on the P l a s m a - u p p e r h y b r i d s u r f a c e for m > 0 . T h e d a t a l a b e l e d 
G , H , J , and K c o r r e s p o n d to those in F i g . 5 . 2 6 c and 5 . 2 7 c . 
F i g . 5 . 2 4 d d P / d O vs <o u s i n g 6 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d on the P l a s m a - u p p e r h y b r i d s u r f a c e for m < 0 . 
F i g .5.25 dP/di^ v s w u s i n g 0 as a p a r a m e t e r . T h i s r e s u l t was o b t a i n e d b y 
O g a w a a n d S a k u r a i . w /2n = 285 M H z , Q /2% = 28 0 M H z (B = 100 G, N = 1x10^ 
p e e 
cm-3) • V = 0.5, = 45°. ( ) for ordinary waves. { ) for 
e x t r a o r d i n a r y w a v e s . 《 ) for e x t r a o r d i n a r y w a v e s w i t h m < 0 . 
R e p r i n t e d from O g a w a and S a k u r a i (1969) , J . G e o m a g n e t i s m & G e o e l e c t r i c i t y , 
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; N = ixio® cm'^, V = 0.5. = 45°. m = 1 - 7 . DWS for (a) the High frequency 
I R, X surface, (b) the High frequency L, 0 s u r f a c e , (c) the Plasma-upper 
I hybrid surface are shown. The curves are labeled by the number of h a r m o n i c s . 
The data labeled E, F, G , H and J correspond to those in Fig.5.24 and 5.27. 
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Fig.5.28 Graphs of dP/dQ vs o) using e as a parameter. B = 100 G, N^ = 1x10^ 
c m V = 0 . 7 , -fi = 45 . P o w e r r e c e i v e d c o n t r i b u t e d b y w a v e s e x c i t e d o n 
d i f f e r e n t d i s p e r s i o n s u r f a c e s f o r m > 0 a n d m < 0 a r e p l o t t e d o n f o u r 
s e p a r a t e f i g u r e s (a), (b) , (c) a n d (d) . D a t a of t h e s a m e Q a r e j o i n t e d 
t o g e t h e r i n s u c c e s s i v e o r d e r of h a r m o n i c s . S o l i d a n d h o l l o w s y m b o l s a r e u s e d 
to d i s t i n g u i s h n e i g h b o r i n g d a t a of d i f f e r e n t Q . T h e n u m b e r s u n d e r l i n e d 
i n d i c a t e t h e n u m b e r of h a r m o n i c s m of t h e d a t a b e s i d e t h e m . T w o d a t a w i t h 
t h e s a m e Q a n d t h e s a m e m i n d i c a t e s t h a t c o m p l e x D o p p l e r e f f e c t e x i s t s . 
F i g . 5 . 2 8 a d P / d Q v s w u s i n g 0 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e H i g h f r e q u e n c y R , X s u r f a c e . T h e d a t u m l a b e l e d P 
c o r r e s p o n d t o t h a t in F i g . 5 . 3 0 a a n d 5 . 3 1 a . 
F i q . 5 . 2 8 b d P / d O v s (o u s i n g 9 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
_ w a v e s e x c i t e d o n t h e H i g h f r e q u e n c y L , 0 s u r f a c e . 
F i q . 5 . 2 8 c d P / d Q v s u u s i n g e as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e P l a s m a - u p p e r h y b r i d s u r f a c e f o r m > 0 . T h e d a t a l a b e l e d 
Q , R a n d S c o r r e s p o n d to t h o s e in F i g . 5 . 3 0 c a n d 5 . 3 1 c . 
F i q . 5 . 2 8 d d P / d Q v s q u s i n g 9 as a p a r a m e t e r . P o w e r r e c e i v e d c o n t r i b u t e d b y 
w a v e s e x c i t e d o n t h e P l a s m a - u p p e r h y b r i d s u r f a c e f o r m < 0 . 
- F i q . 5 . 2 9 d P / d Q v s o) u s i n g e as a p a r a m e t e r . T h i s r e s u l t w a s o b t a i n e d b y 
O g a w a a n d S a k u r a i . w /2tc = 285 M H z , Q. /2% = 2 8 0 M H z (B = 100 G , N = 1 x 1 0 ^ 
^ p e e 
: cm_3) . V = 0 . 7 , = 45°. ( ) f o r o r d i n a r y w a v e s . ( ) f o r 
e x t r a o r d i n a r y w a v e s . ( ) for e x t r a o r d i n a r y w a v e s w i t h m < 0 . 
I R e p r i n t e d f r o m O g a w a a n d S a k u r a i ( 1 9 6 9 ) , J . G e o m a g n e t i s m & G e o e l e c t r i c i t y , 
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！ Fig.5.30 Doppler shifted wavevector surfaces of g y r o - r a d i a t i o n . B = 100 G , 
’;: N = ixio^ cm_3, V = 0 . 7 . = 4 5 、 m = 1 - 7 . DWS for (a) the High frequency 
e ‘ 
f： R, X s u r f a c e , (b) the High frequency L, 0 s u r f a c e , (c) the Plasma-upper 
‘ hybrid surface are s h o w n . The curves are labeled by the number of h a r m o n i c s . 
I The data labeled P, N , Q , R, S and T correspond to those in Fig-5.28 and 5.31. 
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Fig.5.32 Graphs of dP/dQ vs co using 9 as a parameter. B = 358 G, N^ = 1x10 
V = 0.9, Power received contributed by waves excited on 
different dispersion surfaces are plotted on three separate figures (a), 
(b), and (c). Data of the same 9 are jointed together in successive order of 
、 harmonics. Solid and hollow symbols are used to distinguish neighboring data 
of different 6. The numbers underlined indicate the number of harmonics m of 
the data beside them. Two data with the same 9 and the same m indicates that 
complex Doppler effect exists. 
Fig.5.32a dP/dQ vs (o using 0 as a parameter. Power received contributed by 
waves excited on the High frequency R, X surface. The data labeled A, B, C, 
D and D' correspond to those in Fig.5.33a and 5.34a. 
Fig.5.32b dP/dQ vs o> using 6 as a parameter. Power received contributed by 
, waves excited on the High frequency L, 0 surface. 
Fig.5.32c dP/dQ vs (o using 6 as a parameter. Power received contributed by 
waves excited on the Electron cyclotron-upper hybrid surface. There are data 
contributed by negative harmonics. The data labeled E, F and E' correspond 
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Fig.5.33 Doppler shifted wavevector surfaces of gyro-radiation. B = 358 G, 
fj = 1x10^ cm"^, V = 0.9. fi = 45'. m = 1-7. DWS for (a) the High frequency 
e 
R, X surface. (b) the High frequency L, O surface. (c) the Electron 
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VI THE RATIO OF EMITTED TO RECEIVED POWER IN A MAGNETOPLASMA 
6•1 Introduction 
The aim of this chapter is to give a more detail study on the 
d i f f e r e n t i a l ratio of emitted to received power (f) (or simply the 
power ratio) introduced in section 3 . 3 . When a radiating source is 
moving the time taken for it to emit a small amount of energy and 
the time for this energy to be received by a stationary observer 
m u s t not be the s a m e . This time r a t i o , or equivalently the ratio 
of emitted to received power, had been discussed by many authors 
(e.g. Scheuer (1968), Ginzburg and Syrovatskii (1969)). Ko and 
Chuang (1973) discussed this ratio by a kinematic consideration* 
i 
They consider the ratio of time intervals in which a small amount 
of wave energy is emitted and received, taking into account the 
change in relative position of the source and the observer and 
also the corresponding change in group velocity during the time 
i n t e r v a l . They finally obtianed a very simple formula for the 
r a t i o . H o w e v e r , Lai and Ng (1990a) point out an error in their 
d e r i v a t i o n . When Ko and Chuang considered the change in the 
magnitude of group velocity U with a (the polar angle of U) ‘ the 
wave frequency w is kept constant in the partial d i f f e r e n t i a t i o n . 
There is no reason to keep q constant in the process. Since w is 
connected to k by the Doppler relation w = + k-V, as the 
relative position of the source and observer changes with time the 
frequency of waves emitted and received must also c h a n g e . Hence o) 
obviously changes with a in the process. On the contrary, Lai and 









coordinate w。 to be constant in the partial differentiation and 
worked out the correct expression for the r a t i o . It was found that 
this expression is consistent with the result obtained by Lai and 
Chan (1986) • The expression was then applied numerically to an 
isotropic cold p l a s m a . Our work is to extend the discussion to a 
m a g n e t o p l a s m a . Due to anisotropy and dispersive property of the 
medium the explicit expression of the power ratio is fairly 
c o m p l i c a t e d , so we shall illustrate the effect by a few numerical 
e x a m p l e s . 
6.2 Method of calculating the ratio of emitted to received power 
In first part of this section we summarize the discussion 
given by Lai and Ng (1990a) • Then we proceed to work out the 
explicit expression of the power ratio in terms of k and w. A 
formal expression of the power ratio f is obtained by Ijai and Chan 
(1986), This is given by (3.3.19), i.e., 
dP V V . f au 1 /fi o ” 
f = = 1 一 — cosoc - — - sina {b,A,±) 
dP U U ^ doL 
where dP and dP denote the differential emitted and received 
e 
power r e s p e c t i v e l y . Now let us assume that the medium possesses 
:r cylindrical symmetry in the dispersion relation and the radiating 
source is moving along the axis of symmetry. Under these 
conditions the dispersion relation can be written as k = k(e,(i)), 









t a n O - a) = Ok/ae) /k (6.2.2) w 
The magnitude of group velocity U is given by (Ginzburg (1964)) 
U"^ = Ok/aco) . cos(e - a) (6.2.3) 
u 
(6.2.2), (6.2.3), the dispersion relation and the Doppler relation 
Q = Q /-y 4- kV cose constitute four independent equations relating 
o 
the six variables k , e, w, oc, U , and o)。. Hence we are free to 
choose any two independent variables to describe the s y s t e m . 
Transforming the derivative in (6.2.1) from (w, a) to (co。， a) we 
find 
^ au ] 二 p i q f A l + [ 见 ] (6.2.4) 
^ aa ^ aw ^a、doc ^ da ^ Q 
where we have droped the subscript p as it is always constant in 
the p r o b l e m . The last term, which keep q constant in the 
d i f f e r e n t i a t i o n , is just the assumption taken by Ko and C h u a n g . 
Substituting (6.2.4) into (6.2.1) we may write 
f = f + C (6.2.5) 
1 ^KC LN 
V V . 6U / o m 
f where f,^ = 1 - — cosot j s i加 (6.2.7) 
KC u U ^ da 
； is the result given by Ko and Chuang, and ‘ 
I ‘ ‘ 
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： 
i: 
Cln ‘ - sin« f l ] [ ^ ] (6.2.8) 
o 
is the correction m a d e by Lai and Ng (1990a). f takes a 
p a r t i c u l a r l y simple form in a non—dispersive m e d i u m . In a non— 
d i s p e r s i v e medium is a function of e only and is independent of 
CO (c.f. (4.3.6)). Keeping a constant in the differentiation 
{au/a«) ^  is equivalent to keeping 6 c o n s t a n t . Since U is a 
function of 0 only (au/aco) ^  and hence C^^^ is zero. Therefore Ko 
and Chuang‘s result is correct for a non-dispersive m e d i u m . Ko and 
Chuang (1973) showed that by using (6.2.2) and (6.2.3), (6.2.7) 
can be simplified to 
fj^c = 1 一 v[a(k cose)/aw]^ (6.2.9) 
For non-dispersive medium this is equal to 
f = 1 - v[a(k cose)/aw]^ = &> /yw (6.2.10) 
U o 
where (4.3.8) and the Doppler relation have been u s e d . This is 
参、 
f-
just the relation used to derive (4.3.12). 
Athough the above formulation completely describe the physics 
of the p r o b l e m , we still have to write f in terms of k and w for 
actual application• The general result is quite involved• We leave 
the derivation in A p p e n d i x A and simply write down the result as 
f o l l o w s . (dU/doc) is given by 
: 




I . . 
I r fc 
2 
u " ^ a u / a a ) = { (ak/ae) /k - ^ k/aeao> 】o e / a a ) 
。。 ^ Ok/ao))^ 〜 
( a V s c A 。 
- { (ao/aa) — + (ak/ae) /k } (6.2.11) 
① 。 （ 涨 0 
where {dS/dcx) and Oco/aa) are given by 
oe/aa) V = g V (g^ + g^g J (6.2.12) 
(1) 1 ^ O n O 
(aw/aa)^ = g / { g 3 + 93/94) (6.2.13) 
g^ 三 kU^Ok/aco)^ (6.2.14a) 
q s g + (ak/ae) tane - (a^k/ae^),^ (6.2.14b) 
1 0) <*> 
g s - a V a e a w + (ak/ae) (kvcose)""^ (6.2.14c) 
口 3 tw 
(ak/ae) cose - k sine 
、 g , — (6.2.14d) 
4 v-1 - Ok/aw) ^ cose 
In p a r t i c u l a r if the m e d i u m is i s o t r o p i c , 6 = a and all the 
r d e r i v a t i v e s of k with r e s p e c t to e v a n i s h , leading to 
„ (a2k/ao)2) 
f = 1 - J L . cose + — (ao/ae),、 — (6.2.15) 
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t I 
w h e r e (60>/66) = kV sine (6.2.16) 
^o VOk/ao)) . cose - 1 
y 
T a k e an i s o t r o p i c cold plasma for e x a m p l e . Using (6.2.3), 
2 2 2 
(6.2.15), (6.2.16) and the d i s p e r s i o n r e l a t i o n (o = + k , o n e 
can r e a d i l y show that 
„2 2 • 2-
V o n sin e 
t = 1 - — cose ；~^ (6 .2 .17) 
n k (V cose - n) 
w h e r e n s k / w . T h i s is just the result o b t a i n e d by Lai and N g 
(1990a) . A l s o it is n o t d i f f i c u l t to show that if the m e d i u m is 
？, 
h.-
’n o n - d i s p e r s i v e , (6.2.7), (6.2.11)-(6.2.14) r e d u c e to (6.2.10). 
6.3 N u m e r i c a l e x a m p l e s of the power r a t i o in a m a g n e t o p l a s m a 
Now w e are r e a d y to apply our r e s u l t to a m a g n e t o p l a s m a . 
E x p r e s s i o n s of the d e r i v a t i v e s (ak/ae)记， O k / a o ) ^ , (6^/88^)^, 
(a^k/aw^)^ and a ^ / a e a w in terms of w, k and e in a m a g n e t o p l a s m a 
^ are g i v e n in A p p e n d i x B . C o m b i n i n g these with the e x p r e s s i o n s 
d i s c u s s e d in the last s e c t i o n , we can c a l c u l a t e the power r a t i o 
n u m e r i c a l l y . 
H e r e w e p r e s e n t a few polar plots of the reciprocal of the 
p o w e r r a t i o l/lfl = 丨 d P / d P j against oc in an e l e c t r o n - p r o t o n 
m a g n e t o p l a s m a w i t h B 二 358 G , N^ = 1x10曰 cm"^. Perspective p l o t s 
of the d i s p e r s i o n s u r f a c e s of this p l a s m a are already s h o w n in 
c h a p t e r 1 1 . N o t e that w e h a v e added an a b s o l u t e sign to f b e c a u s e 
i. 
I' • 
I . . . i 
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f 
f m a y b e n e g a t i v e . W h e n f = At/At is n e g a t i v e the energy e m i t t e d 
e 
b y the s o u r c e at a e a r l i e r time r e a c h e s the o b s e r v e r at a later 
t i m e . 
F i r s t w e c o n s i d e r the H i g h f r e q u e n c y R , X s u r f a c e . W e c h o o s e 
V = 0.2 a n d u s e w 。 a s a p a r a m e t e r . F i g . 6.1 shows the r e s u l t 
o b t a i n e d w i t h w = 0 . 2 1 5 , 0 . 2 2 5 , 0.25 and 0.3 cm""'^  (scaled b y the 
o 
speed of l i g h t in v a c c u m . i . e . « y c ) (cut off frequency = 
0.02257 c m _ i ) . T h e s e are the same p a r a m t e r s used in the 
c a l c u l a t i n g the p o w e r r e c e i v e d dP/dQ c a u s e d by a m o v i n g d i p o l e 
s o u r c e in c h a p t e r V , so that one can o b t a i n the emitted p o w e r 
dP /dQ from the p r o d u c t If I d P / d O . The c e n t r a l region of the g r a p h 
e 
is e n l a r g e d and shown on the right top c o r n e r of the f i g u r e . F o r 
^ (0 = 0 . 2 1 5 and 0.225 cm"^ c o m p l e x D o p p l e r effect e x i s t s . For the 
« o 
two v a l u e s of k c o r r e s p o n d i n g to the same e, we find that l/lfl 
for the s m a l l e r k (also lower frequency) is m u c h s m a l l e r . A l s o w e 
n o t e that w h e n a a t t a i n s its maximum c x … ， l / l f l is z e r o . From 
in 3 X F i g . 5.2 w e see that at a the p o w e r r e c e i v e d by a d i s t a n t 
^ max 
o b s e r v e r is f i n i t e , so this zero of l/lfl implies that the p o w e r 
e m i t t e d dP 雇 二 Ifl ci£>/dQ tends to i n f i n i t y at cx 磁 - l / ' f ' is e 
, zero at a b e c a u s e (au/aa),、 tends to infinity w h e n a is 
max W。 
St a t i o n a r y . A l s o it is n o t d i f f i c u l t to u n d e r s t a n d why d P ^ / d Q is 
i n f i n i t e if one c o n s i d e r the d i f f e r e n t i a l p o w e r emitted g i v e n b y 
(3.3.12), i . e . , 
^^Dws r F 1 " ？ o T X 
^ = : J • -J (6.3-1) 
® 4jc1U - VI L w 鄉/aw J 
i- “ 
• - , 
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since Ml = 2% sina Aa A^) is the solid angle in which energy 
c o n t r i b u t e d by the area element AS ^ ^^^ flows in real s p a c e , 
AS Jt£i tends to i n f i n i t y when a attains m a x i m u m . This m e a n s that 
DWS 
the area AS c o n t r i b u t e s to the energy flow in t£i is v e r y large 
iy W ^  
at a - Similar p h e n o m e n o n had been discussed by Lai and Ng 
m a x 
(1990b) in an i s o t r o p i c cold p l a s m a . In an isotropic medium a = 9 
and the d i f f e r e n t i a l power emitted dP is infinite at 
e 
a = e , w h e r e 9 is the critical angle discussed in chapter 1 1 . 
m a x c c 
F i g . 6 . 2 shows the results obtained on the High frequency L , O 
s u r f a c e of the same plasma with V = 0 . 2 , 0 . 4 , 0.6 and w。= 0.08 
cm"^ (cut off f r e q u e n c y w 二 0.0595 cm"^) . For these parameters no 
p 
c o m p l e x effect e x i s t s , but waves c o n t r i b u t i n g to radiation in the 
I b a c k w a r d d i r e c t i o n h a v e frequencies v e r y close to the cut off 
f r e q u e n c y 〜• It c a n be seen that for V = 0.4 and 0.6 l/lfl tends 
to zero at oc very close to 9 0 \ In fact this happens for w v e r y 
c l o s e to (0 • From F i g . 2 . 8 , we see that for 9 = 0 。 the dispersion p 
c u r v e w vs k on the High frequency L , O surface flattens 
z 
completely at S l i g h t l y above is a h i g h l y dispersive region 
w i t h very narrow e l l i p s o i d a l wavevector surfaces (see the curve B? 
. in Fig.2.8) . C l e a r l y the direction of g r o u p velocity is very close 
to 9 0。o n m o s t of the area of these s u r f a c e s . F u r t h e r m o r e , since 
dP/dO is p r o p o r t i o n a l to U^ and U is v e r y small in this h i g h l y 
d i s p e r s i v e r e g i o n , the power received is also very s m a l l , leading 
！ to a small value in l/lfl. For e = 0。 a n d 1 8 0。 a t the p l a s m a 
f r e q u e n c y p a r t i c l e s in the cold plasma o s c i l l a t e locally and the 
w a v e s are non-propagating. 
Fig.6.3 shows the result obtained on the Electron cyclotron-
【 . . -
9-
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upper h y b r i d surface with V = 0.2 and w = 0.08 cm"^. The polar 
o 
plot of dP/dQ vs a corresponds to these parameters is shown in 
F i g . 5 . 1 4 . T h e corresponding Doppler shifted wavevector surface 
(DWS) is shown in F i g . 5 . 1 1 b . In the last chapter we have mentioned 
that there are two p o i n t s . of inflexion on this D W S . Now we see 
that the behaviour of l/lfl around these two inflexion points is 
very p e c u l i a r . There are two singularities and two zeros of l/lfl 
situated v e r y close t o g e t h e r . These are more clearly shown in 
F i g . 6 . 4 , which is plotted with V = 0.2 and w。= 0.076 c m " \ To 
u n d e r s t a n d why this pattern appears one can consider a schematic 
graph of the quantities 1 - V cosa/U and V (au/aoc)记 sinot/u2 versus 
o 
e (or any suitable parameter) shown in F i g . 6 . 5 . Numerically it is 
found that idU/dcx) is singular at two positions labeled A and B , 
(l) o 
leading to an infinite value in If I- It should be emphasized that 
here the derivative of U with respect to a is taken on the DWS at 
constant w and not at constant w, since the group velocity is not 
o 
normal to the DWS positions on the DWS where idU/dcx) ^  vanishes do 
not correspond to the points of inflexion on the D W S . At the 
points of inflexion on the DWS ( a ^ ^ a k ^ ) ^ = 0, or equivalently 
、. o 
the angle g (? is the polar angle of U - V , which is normal to the 
D W S , see (3.3.14) ) attains extrenum. For V 0, a and ^ do not 
attain extrenum at the same position in general. In fact the 
^ points of inflexion correspond to the position where f is z e r o . To 
see this consider (3.3.18), i.e., 





W h e n f v a n i s h e s this relation simply implies that the solid angle 
= sin? Ag Ap is infinitestimally small compared with the 
DWS 
c o r r e s p o n d i n g change in Q. Therefore ^ must attain extrenum value 
when f v a n i s h e s . In other words f is zero at the points of 
inflexion on the D W S . These are represented by A ' and B' in 
Fig.6.5 and 6 . 6 . 
A corresponding schematic graph of dP/dQ versus 9 is shown in 
F i g . 6 . 6 . The situation can be summarized as follows. At A and B 
where 丨fl .is‘infinite, dP/dQ is finite, hence dP /dQ is i n f i n i t e . 
6 This means that the area AS^^^ on the DWS contributes to the 
U Vf o 
energy flux in AQ is very large. Physically we can say that on 
AS the group velocity varies very rapidly with a, so that waves 
DWS 
I carrying energy emitted within the solid angle i^ O in the time 
interval At propagate at very different velocities and reach the 
e 
observer in a much longer time interval At, resulting in a large 
value of If I = I At/At I. At A' and B' f and the Gaussian curvature 
e 
K on the DWS v a n i s h . Hence dP/dO is infinite but dP /dQ remains ‘ 
fin i t e , f is zero implies that energy emitted in AQ in the time 
interval At reaches the observer at almost the same time, and 
e 
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V s i n a {3U/9a) /U^ v a r i e s w i t h 9 (or a n y o t h e r s u i t a b l e p a r a m e t e r ) a r o u n d (0 
o 
the p o i n t s of i n f l e x i o n on the D W S . A t A , B Ifl — A' a n d B' c o r r e s p o n d 
i to t w o p o i n t s of i n f l e x i o n w h e r e f = 0 and the G a u s s i a n c u r v a t u r e K = 0 on 
the D W S . 
I W L 
1 — L ‘ — — S ^ 
1 A A B B e 
(lfl = ® ) ( f = 0 , (ifl二①）（f=0, 
丨 K = 0 ) K = 0 ) 
"FiTTeTe A— schema^Tc g^^aplTof dP/dQ versus d (or any other suitable 
p a r a m e t e r ) a r o u n d t h e p o i n t s of i n f l e x i o n on t h e D W S . A t the p o i n t s of 
i n f l e x i o n A' a n d B' dP/dft — a c c o r d i n g to ( 5 . 2 . 1 ) . T h e p o s i t i o n s A . B , A' 
I： a n d B' c o r r e s p o n d to t h o s e in F i g . 6 . 5 . 
F ‘ , - • [ . 
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VII EVALUATION OF FAR FIELD IN A MOVING MEDIUM 
7.1 Introduction 
In this chapter we present a general formulation to calculate 
the far field caused b y a stationary monochromatic source in a 
moving m e d i u m . The Fourier integral method is still u s e d . Our task 
is to find a method to write the effective dispersion tensor of 
the moving medium in terms of the 3x3 constitutive matrices (see 
(3.1.6)) in the coordinate where the medium is at r e s t . Unlike 
calculating the far field caused by a moving radiating source, the 
Fourier transform of current density of stationary source involves 
delta functions of the form 6(Q - coj , which depends only on 
i. 
I 
proper frequency w。 of the source but independent of wavevector k . 
Because of this p r o p e r t y , it does not matter whether the method of 
stationary p h a s e should be done before or after the w integration. 
Doing w integration before using stationary phase method to 
evaluate the k integral or vice versa both lead to the same 
r e s u l t . Since the source and the medium is assumed to be in 
relative uniform motion both in Lai and Chan‘s calculation and in 
this c a s e , the two far fields must be related by Lorentz 
t r a n s f o r m a t i o n , although the transformation is not trivial due to 
the complicated dependence of the fields on k , co and the point of 
stationary p h a s e . Working out the transformation explicitly 
enables us to have a cross check on Lai and Chan‘s me t h o d . In this 
chapter we shall show that these two descriptions are indeed 
equivalent, and this further confirms that Lai and Chan's method 
is c o r r e c t . 
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7.2 Far field expression in a moving medium 
First we shall find the dispersion tensor of a moving m e d i u m . 
Suppose S and S' are two inertial coordinates, S' is moving at a 
v e l o c i t y V with respect to S . The medium is at rest* in S'. W e 
denote all quantities observed in S' by a prime, and the 
c o r r e s p o n d i n g unprimed quantities are observed in S . In 
formulating the Lorentz transformation of electromagnetic field we 
e s s e n t i a l l y follow the m e t h o d adopted by Kong (1986) (chapter 7)• 
The Lorentz transformation of a four vector (A, ip) from S to S' is 
； g i v e n b y 
r 
i；' . • 
5 (f/ = yitp 一 V-A) (7.2.1) 
t-
i -
. A ' = a-A 一 yV^ (7.2.2) 
Where <x s 工 + (7 - 1) ~；• {1.2,3) 
V 
and y s (1 - v2)_IZ2 ^^ the usual relativistic factor. W e d e f i n e 
=r 
the six dimensional transformation matrix Z b y 
s ” [ r L j <7.2.4) - . 一 p « 」 
^ , 1 1、V V tn o R\ where oc 】 = I + ( — ~ D — (7.2.5) V 
is the i n v e r s e m a t r i x of a and 
p s Vxl (7.2.6) 
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f: ‘ 
The inverse of 运 is g i v e n by 
= , [ r - I , 1 (7.2.7) 
P a 
M* w J 
E l e c t r o m a g n e t i c field vectors transform according to 
、 r 「—-
T) = n 
！; = se ^ (7.2.8) 
H' H _ " J L v M l 
_ —'1 一 「 _ 
^ = S ^ (7.2.9) 
B _ _ B 
I For s i m p l i c i t y , we consider a medium at rest in S' with 
constitutive relation given by 
. ^ 0 ] (7.2.10) 
H ' 0 厂 B ' 
This is the same as (3.1.7) with C = = Transforming the field 
vectors from S' to S by using (7.2.4), (7.2.7)-(7.2.9), we have 
r* ， r* " 1 r* 細 
D “ 5-1 0 P E 
L H J L 0 ,(0')」 L B _ 
「o "I r -
I I I (V.2.11) 
6 p B 
•w a J k • 
Where i s a ' -e' (k' -a + j5-/i' (k',o')-p (7.2.12a) 
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5 = a -e' (k' ,0)') -P 一 p-iti' i(k',(0').<x (7.2.12b) 
5 = (k' -a"^ — (7.2.12c) 
分 分 i* O.I 1 供 1 
= p-e -p + a (k',(o').a (7.2.12d) 
If (D B) and (E H) are used as basis v e c t o r s , (7.2.11) can be 
rewritten as 
"-•“] 「分 件分 _ i " ]「"》-D = t - ？ E , . 
一 •» -> l/.^S^iJ/ B -p -5 H 
. . k • 一 I M md k a — 
‘ The two Maxwell‘s equations (3.1.4) can be easily incoporated into 
I 
(7.2.13) . Following the derivation from (3.2.1) to (3.2.4), with 
^ *¥ o . 2 1 « 2** 1 
e, C, X and ju replaced, by the 7 (t - -6) , y 〜 ， 
1 2 移一 1 -•y -6, and y respectively, we finally obtain 
A(k,w) •E(k,w) = - ^ ^ J(k,w) (7.2.14) 
(0 
” � • 
with A(k,w) s y it + (nxl) -6 + ？.(nxl) 
f 
f 
y 砂 分 




！ I t should be noted that n 二 k/w is the refractive index vector in 
[ S, while and //一 are functions in k' and g)' in S'. A(k,a)) is a 
I — -> [ function of k and w in a sense that k , q and k , w are connected 
k 
L 
by the Lorentz transformation (7.2.1) and (7.2.2). It is sometimes 
f • 
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I" 
粉, 一1 分 分 
£ = I + X . /i = I + u' (7.2.16) 
Then it is not difficult to show that 
** ** ** 
A = I + (nxl)-(nxl) + E (7.2.17) 
With s = y (a + (nxl) .P) •x、(<x ! + p-(nxl)) 
+ Y (p — (nxl) - a - ( n x D ) (7.2.18) 
A m a y be called the effective dielectric tensor. We have made use 
of the identities 
2 1 1 ** o 4» 
y (a -a + p.p) = I (7.2.19) 
I 
P-a = a = p (7.2.20) 
which follows directly from the definition of oT, and j5. Similar 
to (3.2.7), the far field can be obtained from (7.2.14) 
_ 1 00 i r -I 
: htt) = L ^ [ ^ X • 咨 ( i U ) e i - • “ 公 t ( 7 丄 2 1 ) 




i with E(k,a>) = - M - i 4 ^ - J ( k , ( 0 ) (7.2.22) 
1： D(k,(o) 
I 
I where H and D are respectively the adjoint tensor and the 
I: 分 . ^ determinant of A. For a stationary monochromatic source, the I 
i?： ^ . 
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J(k,Q) = 2jrJ{k)5(o) 一 w ) (7.2.23) o 
* P u t t i n g this into (7.2.21) and following the d e r i v a t i o n g i v e n in 
c h a p t e r 工 工 工 （ p u t t i n g the V in chapter III to be z e r o , of c o u r s e ) , 
we o b t a i n 
E(x,t) 二 2 I 5-J(k) gik-x-iwt (7.2.24) 
_ B ( x , t )」 iSliy""^ [ n x l J 0) 31)/aw 
The m e a n i n g of the n o t a t i o n s should be c l a r i f i e d . For s i m p l i c i t y , 
we h a v e u s e d w = w。to d e n o t e the proper f r e q u e n c y of the s o u r c e , 
and k to d e n o t e the w a v e v e c t o r in the c o o r d i n a t e S w h e r e the 
k m e d i u m is m o v i n g . G is the Gaussian c u r v a t u r e on the s u r f a c e 
D = 0 , the w a v e v e c t o r s u r f a c e for the m o v i n g m e d i u m . U is d e f i n e d 
• b y u s (aw/ak) JJ. The w h o l e expression is e v a l u a t e d at the p o i n t of 
s t a t i o n a r y p h a s e . As b e f o r e , the point of stationary p h a s e is 
d e f i n e d as a p o i n t on D 二 0 satisfying 
： X II (a<o/ak)j^ 三 U (7.2.25) 
r For s i m p l i c i t y , o n l y the contribution due to one p o i n t of 
f 
I S t a t i o n a r y p h a s e is c o n s i d e r e d . The t o t a l f i e l d can be o b t a i n e d by 
summing (7.2.24) over v a r i o u s points of s t a t i o n a r y p h a s e . (7.2.25) 




I X H z/x = - (ak /ak , = u /U (7 .2 .26) 
y p ‘ I -
1 T^ - z/y = - ( 故 队 k = Uz/Uy <7.2.27) 
I： . • X 
！J： • • • 
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A g a i n the subscripts outside the brackets denote the quantities to 
be kept constant in the differentiation. For future c o n v e n i e n c e , 
let us work out the explicit form of the effective susceptibility 
tensor E in (7.2.18) for the special case = 1 . If the medium is 
assumed to be l o s e l e s s , then x' is herimitian (e.g. Chen (1976) 
chapter 2 ) , and a straightforward calculation leads to 
= iyT)) (7.2.28a) 
、2 = (7.2.28b) 
、33 =义;3 + ( 八 + rVt;【+ 义;2 + X； )^ 1 
^ + 7V{ni(x;3 + x;3) + n^(x;3 + X;3)} (7.2.28c) 
^az = ( 州 ） 2 乂 1 2 = (7.2.28d) 
= A v ( n i X ; i ^ n ^ x； ^ ) + = ^31 (7.2.28e) 
丨 = + 打 2 ‘ ） + 州 X;3 = ^32 (7.2.28f) 
； where t) ^  1 - k-V/w (7.2.29) 
and * denotes the complex conjugate of a q u a n t i t y . 
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7>3 Relation between Lai and Chan's far field and the far field 
in a moving medium 
We are ready to show that the far field obtained in the last 
section in a m o v i n g medium is related to Lai and Chan's far field 
by Lorentz transformation• In terms of the observer's position and 
o b s e r v a t i o n time, Lai and Chan's far field (see (3.2.25) and 
(3.2.28)) can be rewritten as 
M —* mm M 
E'(x',t') 二 2 I 
_ B ' (x' ,t') J lx'-Vt'!!U'-Vl [ n'xl _ 
, • e (7.3.1) 
緣 L w'a2>/aa>' 」D 
Ag a i n only one stationary point is considered. In (7.3.1) we have 
added the primes to emphasize that the quantities k', , x', t' 
j' and U ' s Oco'/6k') ^  are measured in S', where the medium is at 
rest and the radiating source is moving with a velocity V . D means 
that all the <o' inside the bracket are to be evaluated through the 
t Doppler relation 
t E. 
[ 二 w/r + k'-V (7.3.2) 
I • I t, 
t w i t h w = « . k' is evaluated at the point of stationary phase 
t o I i defined b y 







= (Z' 一 Vt')/Y' 二 -(akVak ' )« , , , = (U' - V) / U ' (7.3.4) 
y y Z ZJ, (*) , K^ z y 
A 
w h e r e V = V e is the v e l o c i t y of the radiating source with respect 
to the medium. In the d e r i v a t i o n of the far field e x p r e s s i o n for 
mo v i n g m e d i u m in the last section we h a v e assumed that V is the 
ve l o c i t y of m e d i u m w i t h r e s p e c t to the s o u r c e . To be c o n s i s t e n t , 
we s h o u l d r e p l a c e V b y -V in all f o r m u l a e given in sec t i o n 7 . 2 . 
T h e L o r e n t z t r a n s f o r m a t i o n (7.2.1) a nd (7.2.2) for k and (o can b e 
re w r i t t e n as 
= + k-V) s 7T]0) (7.3.5) 
• • 
it' = a-k + (7.3.6) 
I 
F i r s t w e shall show that the d i s p e r s i o n relation in the two 
co o r d i n a t e s (i.e. = 0 and D = 0) are e q u i v a l e n t . T o find o u t how 
" • 分 
nxl t r a n s f o r m s u n d e r L o r e n t z t r a n s f o r m a t i o n , consider F a r a d a y ' s 
law in Fou r i e r s p a c e , 
B = (nxl)-E (7.3.7) 
本. 
T r a n s f o r m i n g (7.3.7) to S', we m a y w r i t e 
[ 人 d f ！‘ 1 = [ 。 ] (7.3.8) 
n x l - I B ' 0 
L. mI L L J 
since F a r a d a y ‘ s law is re l a t i v i s t i c a l l y i n v a r i a n t , in S' it takes 
the form B' = (二 C o m p a r i n g wit h (7.3.8) w e obt a i n 
(n'xl) - (a" + p. (nxl)) = a -(nxl) - p (7.3.9) 
• ' 1 
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9 
The transpose of (7.3.9) is given by 
(a + (nxl) - (n'xl) = (nxl) - p (7.3.10) 
bearing in mind that a is symmetric, while p and nxl are anti-
s y m m e t r i c . Using (7.3.9), (7.3.10), (7.2.19) and (7.2.20) one can 
readily show that 
7 (a + (nxl) .]3) • (I + (n'xl) - (n'xl) )• (a + p. (nxl)) 
= I + (nxl).(nxl) (7.3.11) 
By using (7.3.9)-(7.3.11) D and S (see (7.2.17) and (7.2.18)) can 
be written as 
I 
2> = {det[a'^ + (nxl) -p] } ^  (7.3.12a) 
S = y adj [a" + p. (nxl) ] .r.adj [a + (nxl)-p] (7.3.12b) 
where det [ ] and adj [ ] mean the determinant and adjoint of the 
m a t r i x inside [ ] , 
rr. 
r 2J = det[e' + (n'xl) "^• (n'xl) ] (7.3.13a) 
r = adj [e' + (n'xl) -JI'"(n'xl) ] (7.3.13b) 
： are the dispersion function and the adjoint tensor of the medium 
at r e s t . By using (C.3) (see Appendix C) it is easy to show that 
a + p. (nxl) = Tjl + ————nV (7.3.14) 
) ‘ • 
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Using (C.4) and (C.5) the adjoint and determinant of (7.3.13) is 
found to be (with p = -Vxl) 
adj + p-(nxl)] = (T]/y) (a + ynV) (7.3.15a) 
det [二-1 + p- (nxl) ] = {7.3.15b) 
similarly for a + (nxl) -p, 
adj [二-1 + (nxl) .p] = in/y) (a + 7Vn) (7.3.16a) 
det[a"^ + (nxl) -p] = (7.3.16b) 
Therefore (7.3.12) can be written as 
I 
i D 二 2J (7.3.17) 
: For waves propagating in S' we have x] ^  0 (otherwise = 0 ) , thus 
both 3 = 0 and 3) = 0 give the same dispersion relation. The next 
step is to show that the point of stationary phase given by 
• 
i -> 一 
I (7.2.26) and (7.2.27) (replace V by -V ！) are the same as that 
‘ 
‘ found by Lai and Chan's method under Lorentz transformation. 
： Lorentz transformation of k and w, x and t can be written as 
(V = Ve ) 
z 
= + k V) (7.3.18a) 
Z 
k' = y(k + o)V) (7.3.18b) 
•z z 
k' = k , k' = k (7.3.18c) 
X X y y 
t' = yit + Vz) (7.3.19a) 
z' = + Vt) (7.3.19b) 
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X' = X , Y' = y 《7.3.19c) 
For any smooth fucntion f (k', we have 
z 
f df ^ 一 r ar V (d<y ^ ‘ f df 1 r ^ K ^ 
^ ak JG) 、aw'^k'、ak 、ak' -'o' ^ ak z z z z • z 
= y v f - ^ l + yf af 1 (7.3.20) 
z z 
where (7.3.18a) and (7.3.18b) have been u s e d . On the other h a n d , 
if we write f = jf(k', u>' 二 w/y + k'V) and use k', w as independent 
z z z 
v a r i b l e s , then 
r 
I 
r df 1 r df 1 ^ r af 1 二 + 
ak' L ak' 、aw'^k' ^  ak' z z z z 
>•<� -
丨 = f - M — l + v f - ^ 1 = — (7.3.21) 
、ak' aw'^k' 飞 ^ 3k Z z z 
� I l 
‘ by using (7.3.20). (7.3.21) can be generalized to n th order 
I . 
p.-
_ ^ = 丄 ~ ^ ~ ( 7 . 3 . 2 2 ) 
z z 
for any positive integer n . Putting r = 〜 = k 二 into (7.3.21), 
keepina k = constant in the differentiation, we can write the y y 
condition (7.2.26) for stationary point as 
• , 
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- y O k ' / a k ： ) ^ , 、 = - O k /ak , 、 = z/x (7.3.23) 
X z ZJ, 0), K X z i), {*>, K 
y y 
T h e i n v e r s e t r a n s f o r m of (7.3.19a) and (7.3.19b) gives 
z / x = - Vt')/x' (7.3.24) 
(7.3.23) and (7.3.24) i m m e d i a t e l y give the condition (7.3.3) for 
the p o i n t of s t a t i o n a r y p h a s e of Lai and C h a n ' s far f i e l d . (7.3.4) 
c a n be s i m i l a r l y d e r i v e d . 
H a v i n g shown that the p o i n t s of s t a t i o n a r y phase found b y 
I： r 
； b o t h m e t h o d s are i d e n t i c a l , we p r o c e e d to find the r e l a t i o n of 
y E 
‘ O t h e r q u a n t i t i e s in the f a r f i e l d e x p r e s s i o n s . By u s i n g (7.2.27) U 
c a n b e w r i t t e n as 
r 
u - I f - ^ l I = I f — l . r V s , ^ + + (7.3.25) 
、ak)5> ^ a w ^ k / X y z 
w h e r e 气 妄 （ 鄉 , 涨 k k (7.3.26) 
* ' y' z 
I 
and s i m i l a r l y for 2J and . Note that w e have used (7.3.17) and 
the factor yr) does n o t appear since the final expression is to b e 
e v a l u a t e d at 3 = !> 二 〇• Putti n g f = 3 in (7.3.SO》 one can r e a d i l y 
show that 
u = I f — l ^ r V srZ + + + (7.3.27) 
^ aw -'k / X y z CO 




= 02l/ak') , , , , , (7.3.29) X X 0) ,K ,k y z 
and similary for and .丨^^ 一 Vl can also be written as z y 
一 二 V s ' ^ + + (ST + V 労 ( 7 . 3 . 3 0 ) 
乂 dw 乂 k / X y z Ct) 
From (7.3.3) and (7.3.4) w e obtain 
tjx (62^/60))^ f T . ^ 1/2 
iu - VI 二 ！ f 1 + T — — I (7.3.31) 
u (a2J/a(o')j^. 、1 + A " J 
• where ~ ^ 三 ~ ^ + ~ ^ (7.3.32) / 2 / ^  t ^  T T T X y 
• V A ‘ 
Next we shall consider the ratio of Gaussian curvature K / G . For 
any smooth surface HCx^^x^rX^) = 0 • the Gaussian curvature K^^ of 
H can be found by the formula (e.g. Lighthill (I960)) 
b 
\ 
\ K - , 广 ) . （ a c m S ⑵ ] ) T . g ⑴ 3. 
• . 
where (H^^^) ^  = H^ s aH/ax. (7.3.34) 
(S(2)) s H . . s a V a x . a x . (7.3.35) 
i j 主 J . i J 
and ( )T denote the transpose of the m a t r i x inside ( )• 3 and 3> 
need not be distinguished here because the curvatures depend 
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m e r e l y o n the g e o m e t r y of the s u r f a c e ？ = S> = O . G can be w r i t t e n 
as 
5 ( 1 ) r容(2)1、T 5 ( 1 ) 
G : ？ _ . ( a d ] _ 1 ) (7.3.36) 
(ST 2 + 2 + + VST) 2) 2 X y Z 0) 
W h e r e ( 多 （ ^ ) . ^ s (d3/ak.),、 (7.3.37) 1 1 1 w 
(签（2)) = 3. . S (aVak.ak.)^^ (7.3.38) 
1 J 1 J JL J 0) 
\ 
are the d e r i v a t i v e s t a k e n in the m e d i u m m o v i n g system at c o n s t a n t 
Q. W e h a v e w r i t t e n the d e n o m e n a t o r of (7.3.36) in terms of the 
d e r i v a t i v e s in the p r i m e d c o o r d i n a t e w i t h the aid of (7.3.21) . In 
c o o r d i n a t e S w h e r e the m e d i u m is m o v i n g d i f f e r e n t i a t i o n s of are 
t a k e n w i t h r e s p e c t to k , k^ and k^ at constant w, b u t in the 
c o o r d i n a t e S' w h e r e the m e d i u m is at r e s t d i f f e r e n t i a t i o n s are 
t a k e n o n the D W S , i . e . , on the f u n c t i o n 25(k', = w/Y + k^V) w i t h 
r e s p e c t to k \ k ' a n d k； at c o n s t a n t q . The d e r i v a t i v e s are 
X y 
； r e l a t e d b y (7.3.22), w h i c h says that the d e r i v a t i v e s differ b y a 
知 . 
f a c t o r i for z c o m p o n e n t . For x , y c o m p o n e n t s these d e r i v a t i v e s 
； are e q u a l . W i t h (7.3.22) it is not d i f f i c u l t to show that K c a n be 
w r i t t e n as 
二 g【i、a -(adifg _ ] ) • 忽 _ ( 7 . 3 . 3 9 ) 
一 （2^2 + + (2)' + V2I;、）2)2 
、X y z w 
w h e r e a"'^  is g i v e n by (7.2.5) w i t h V = V e ^ . One can r e a d i l y show 





factor of y • The ratio of the denomenator can be treated in the 
same manner as in (7,3.31). Hence we obtain 
„ , 一 ，2 、2 
i 二 ？ f 1 + ] (7.3.40) 
K 、1 + A ' 2 , 
Using (7.3.3), (7.3.4) and (7.3.24) we find that 
； 广 1 丄 ， 2 、1/2 
Ix - Vt I 二 f 1 + T _ 1 (7.3.41) 
1x1 ( 1 + A ' 2 
The current density transform as 
>� 
, (a + yVn) 'J(k,(D) = J' (k\(o') (7.3.42) I 
where we have used the equation of continuity 
p(k,co) = n-J(k,Q) (7.3.43) 
to eliminate the charge density p(k,w) . J(k,Q) and J'(k' are 
I given by (7.2.23) and (3.2.10) r e s p e c t i v e l y . By using (7.3.16), 
‘ (7.3.42) can be written as 
k 
Yj'(k') = (a + 7Vn)-J (k) = + ( n x l ) - p ) J (k) (7.3.44) 
with the additional y factor comes from 
5(a>' - Q /7 - k'V) = y6(Q 一 w j (7.3.45) o Z 
which can be easily obtained by using (7.3.18a) and the relation 





(7.3.5)' (7.3.17), (7.3.31), (7.3.40), (7.3.41) and the fact that 
k-x - wt IS a L o r e n t z i n v a r i a n c e , we o b t a i n 
E ' ( x \ t ' ) 1 2 I I" I ' 
. B ' ( x ' , t ' ) J ! x'-Vt'IIU'-Vl [ nxl _ 
• 土这'•。-叫 (7.3.46) 
L (o'asj/aw' JD 
T h e last step is to transform the c u r r e n t d e n s i t y and the a d j o i n t 
t e n s o r . U s i n g (7.2.4), (7.3.9), (7.3.12b), (7.3.15), (7.3.16) and 
(7.3.44), it is not d i f f i c u l t to show that 
r 
o « = T » V T £ / 砂-S.JCk) = + 
n x l T/ n ' x l 
m mI k • 
•(a + p - ( n x l ) ) - S - C a + ( n x l ) - p ) - J ' ( k ' ) 
mm mm 
= Y V —工 -r-J' (it') (7 .3 .47) 
' n ' x l 
%m m 
h 
S u b s t i t u t i n g (7.3.47) into (7.3.46) i m m e d i a t e l y recover the Lai 





VIII RADIATION IN SOME MOVING MEDIA 
8.1 Introduction 
In the following sections, the method of calculating far 
field in a m o v i n g medium developed in chapter VII is applied to 
some common m e d i a including an isotropic non-dispersive m e d i u m , an 
isotropic cold p l a s m a , and a cold m a g n e t o p l a s m a . The far fields 
found in the first two of these moving media are compared with 
those given in the literature • The results are found to be the 
s a m e . For the case of magnetoplasma the point of stationary phase 
cannot be found analytically, but the basic expression of the 
field is explicitly written o u t . 
8.2 Radiation in a moving isotropic non-dispersive medium 
An isotropic non-dispersive medium is charaterized b y a 
dielectric constant e' and a permeability which do not depend 
on k and w, i . e . , 
= 二‘ 二 //I (8.2.1) 
•i 
¥ 
: Subsltuting (8.2.1) into (7.2.15) we obtain 
！ ‘ 
A = iT {工 + (nxl) •(nxl) + « (a + (nxl)-p) 
+ p-(nxl)} (8.2.2) 
where « = - 1) (8.2.3) 
n'2 = ix'e' is the square of refractive index in the coordinate 
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where the medium is at r e s t . Note that a > 0 . By using (7.2.28), 
the effective susceptibility tensor E can be written as 
t 
r 0 ’ 
S = /i"^ 0 . 0 (8.2.4) 
,ir^V77«n 0 «(1 + (YT)) V ) , 
where we have put n = 0 and TJ is given by (7.2.29) . It is not 
y 
difficult to show that 
D = = (1 + «) (n^ - 1 y ^ (8.2.5) 
In terms of k and e (polar angle of k) , the dispersion relation 
D = 0 is g i v e n by 
, -«Vcos6 土 
(1 + « ) ( ! - «V。cos。a) ,o o C、 
一 2 . 2 • • 1 - «v COS e 
which is identical to the result given by Bolotovskii and 
: Stolyarov (1975), Chen (1976) (chapter 8) . The geometry of the 
、 wavevector surface is more apparent if (8.2.6) is written as 
0 
‘ • • . . . • -
I k^ 不 a^(k T = T n ' V / a ^ (8.2.7) X Z 
where a^ = y^lV^n'^ - II (8.2.8) 
and the upper sign in (8.2.7) is chosen for V n ' > 1 and lower sign 
is chosen for V n ' < 1 . From (8.2.7) it is clear that for V n ' < 1 
the wavevector surface is an ellipsoid while for Vn' > 1 it is a 




this m e d i u m is d i s c u s s e d b y Chen (1976) (chapter 8)• T h e d i r e c t i o n 
of P o y n t i n g v e c t o r is i n d i c a t e d by the arrows on the w a v e v e c t o r 
s u r f a c e s in F i g . 8 . 1 . It can be shown that the g r o u p v e l o c i t y is 
s t i l l g i v e n b y U = aco/ak, which is n o r m a l to the w a v e v e c t o r 
s u r f a c e . (8.2.7) is a q u a d r i c s u r f a c e . C o m p a r i n g with 
k^ = C + Bk + A k ^ (8.2.9) 
X z z 
we find t h a t A = B = -2V«u, C = w ^ d + «) (8.2.10) 
A p p l y i n g the m e t h o d d i s c u s s e d in c h a p t e r III (see (3.2.32)-
(3.2.35)) , a n a l y t i c e x p r e s s i o n s for the p o i n t of s t a t i o n a r y p h a s e 
and o t h e r q u a n t i t i e s are found to be 
k = _ ' / / T^ ^ a^ (8.2.11) 
X 
f—‘ 1 
k = ±(a>/a2) (V« 一 croi'/ / t^ T a^ ) (8.2.12) z 
, - 2 、1/2 
U 些=2n'V^ [ \ ] (8.2.13) 
. dQ 、T 不 a 乂 
I = _ 丨 ^ 。 2 丨 _ (8.2.14) 
n ' w d + T^) 
w h e r e x = z is g i v e n b y (7.2.26) and the observer is a s s u m e d to X 
b e l o c a t e d in the x - z p l a n e . The signs are chosen in the same w a y 
as (8.2.7) . a is d e f i n e d as follows : F o r V n ' < 1 a = 1 , and for 
V n ' > 1 a = 1 or - 1 , so that two p o i n t s of stationary p h a s e exist 
for the latter c a s e , as can be d e t e r m i n e d by the d i r e c t i o n of the 
g r o u p v e l o c i t y in F i g . 8 . 1 . When V n ' > 1 ' we must h a v e t^ > a^ for 
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^^ V k 
—,�’ ‘ / 
丨 0 ^ h z / 
Fig.8.Id Fig.8.1b 
F i g . 8 . 1 W a v e v e c t o r s u r f a c e s of a m o v i n g i s o t r o p i c n o n - d i s p e r s i v e m e d i u m , 
(.a) V n ' < 1. T h e s u r f a c e is an e l l i p s o i d w i t h s e m i - m a j o r axis a l o n g V . 0 is 
t h e c e n t r e of the e l l i p s o i d . S m a l l a r r o w s n o r m a l to the s u r f a c e i n d i c a t e the 
d i r e c t i o n of g r o u p v e l o c i t y . T h e r e is one p o i n t of s t a t i o n a r y p h a s e 
c o r r e s p o n d s to e a c h o b e s e r v a t i o n p o s i t i o n x . (b) V n ' > 1. The s u r f a c e is a 
two s h e e t e d h y p e r b o l o i d . T h e h y p e r b o l o i d a s y m p t o t e s to the c o n e s 
k 丄 = 土 cik 不 «V{i)/a. E n e r g y flux is c o n f i n e d w i t h i n a c o n e w i t h s e m i - a p e x | 
a n g l e a。， w h e r e tana。 = 1 / a . T h e r e are two s t a t i o n a r y p o i n t s c o r r e s p o n d to 
e a c h o b s e r v a t i o n p o s i t i o n x in t h i s c o n e . 
, 一 … . z 
、 Fi g . 8 . 2 A d i p o l e r a d i a t i n g 各 ^ ^ 
<f ic V ^ 
s o u r c e p l i e s on k - k p l a n e , N Z 
* y N^ ‘ 
i m a k i n g an a n g l e -中 w i t h the k^ ^ ^ ^ 
a x i s , ic l i e s on k^-k^ p l a n e , 各9 | q 
e , e ^ are t h r e e o r t h o g o n a l i 丨 
I p - - - ^ ^ 丨 
u n i t v e c t o r s in p o l a r I 0 ky ; 
c o o r d i n a t e s . 丨 X 
kx 丨 
Fig .8 .2 
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r e a l solution of stationary point to exist, this implies that 
radiation is confined within a cone around z axis with semi apex 
angle given by 
tana。= - l ) — ' " (8.2.15) 
H e n c e the far field is non—vansihing only if ot 玄 oc。， where 
cota = z/x, a is the polar angle of the group velocity at the 
point of stationary p h a s e . In deriving (8.2.13), the factor 
n^ - 1 - t^x]^^ has been omitted because it cancels with a same 
factor in the adjoint tensor. Without this factor the adjoint 
tensor is given by 
_ r r V C r ^ T a^) 0 a") ^ 
S. = n'2 0 1 0 (8.2.16) 
i j ^ o 2 2 — 1 
[-T/(T 平 a) 0 (T T a ) J 
w h e r e the dispersion relation has been u s e d . For example, if the 
source is a dipole with dipole moment p , making an azimuthal angle 
； -中 with X axis (Fig. 8.2), we have 
i" J (k) 二 一iojp(会 cos中 一 e sin中） (8 . 2 . 1 7 ) f X y 
I 
Consider the case when Vn' < 1- Putting (8.2.13), (8.2.14), 
(8.2.16) and (8.2.17) into the far field expression (7.2.24), 
after some algebra we obtain 
••一 2 1 f A cosoc cos» 
E ( x , t ) = [ipw 2 2 . 2 , 1 / 2 I 0 2 丄作2一 





一 g水 Sin中 i eik.x-iwt (8.2.18) 中 i 
where k is given by (8.2.11) and (8.2.12) with x = cota. For a 
dipole parallel to the velocity of the m e d i u m , p 二 一iope , we have 
Z 
. - ^ ik*x-i(ot A 
咨 （ I t ) = -.pco^ ？ a e^ ‘ （ 8 . 2 . 1 9 ) 
(cos a + a sin a) 
Apart from notations, our result is exactly identical to that 
given by Lee and Papas (1964)• 
The case for Vn' > 1 involves two points of stationary p h a s e . 
^ This is also found in the calculation for the far field caused by 
. a moving source in a non-dispersive unaxial medium (Lai and N g . 
: (1990a) ) . In the case of a moving source the frequencies of the 
quasi-sinusoidal plane waves corresponding to the two stationary 
points are different due the Doppler shifting in frequency, so 
self interference between the two stationary points does not 
e x i s t . Physically this means that at the two retarded positions 
^ the relative position of the source and observer are different, 
r ‘ • 
i hence the waves emitted from these two positions reach the f ？ 
[ observer with different frequencies and produce no interference. 
But for the case of a moving medium, waves due to every point on 
the whole dispersion surface has the same frequency, therefore 
( interference leads to a modulation of amplitude in space. Consider 
the case when the diople source is parallel to z axis. Summing up 
the fields c o n t r i b u t e d by the two stationary points and taking the 
real part of the far field, we obtain 
\ \ [ ： . • 
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靈 . m 基 €F m 
I E(x,t) = 一一2 2 sin« 
- 冲 , 2 1 2 . 2 , 3 / 2 
( C O S a + a s i n a ) 
"i 
’ •cos(A2 - 0)t) COS (4 X + ^  z) e^ (8.2.20) 
X z 0 
where k = aVco/a^, (8.2.21) 
农X - -wn‘sina/ (cos^a 一 aZsin^x) (8.2.22) 
I s (wn'/a^) cosa/(cos^a - a^sin^a) ^ ^^ (8.2.23) 
z 
The last cosine factor in (8.2.20) is a sinusoidal modulation of 
^ amplitude in space due to the interference of the waves associated 
with the two stationary points. Note that the occurence of this 
i 
！ nice pattern mainly depends on the fact the the magnitude of the 
1 
far field contributed by both stationary points are the same • 
This is because all the quantities in the far field expression are 
practically independent of o. The far field for a dipole lying on 
f ‘ 





丨 lActual ly the r e l a t i v e sign of the c o n t r i b u t i o n from the two s t a t i o n a r y 
p o i n t s should be carefully treated by c o n s i d e r i n g the phase f a c t o r in the 
a p p r o x i m a t i o n in ( 3 . 2 . 2 4 ) and also correcting sone signs that have been 
o m i t t e d in d e r i v i n g far field e x p r e s s i o n . D e t a i l a n a l y s i s lead to the same 
result as 《8 . 2 . 2 0 ) , and in any case a w r o n g s ign will only shift the whole 
interference p a t t e r n by a length of the order of 1/k, which is not i m p o r t a n t . 
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8.3 Radiation in a moving isotropic cold plasma 
As discussed in chapter II, an isotropic cold plasma is 
charaterized by the dielectric tensor 
》 = ( 1 + (8.3.1) 
where s 一 ^ (8.3.2) p 
Using (7.2.28), S can be written as 
E. . = 0 {yTl)% 0 (8.3.3) 
' ' I 0 + y ^ v V ) , 
I； 
again we have put n = ()• In fact (8.3.3) is the same as (8.2.4) 
if 分 is replaced b y The dispersion relation is given by 
5> = det(X) = (1 + if) (n^ - 1 - = 0 (8.3.4) 
« * 
which gives =公之 一 co^  (8.3.5) 
which has the same form as the dispersion relation in coordinate 
S', where the medium is at r e s t . This is not surprising because 
- is a Lorentz invariance. However, it should be noted that 
the square of plasma frequency is proportional to the n u m b e r . 
density N of the plasma in S' where the medium is at rest. In 
coordinate S where the medium is moving the number density is 
increased to yN due to Lorentz contraction of the inter-particle 
distance along the direction of v e l o c i t y . But the mass m of the 
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p a r t i c l e s is also increased to ym when the particles m o v e . This y 
factor cancels with the y in number d e n s i t y , leaving the plasma 
frequency in the moving system the same as that in the rest 
s y s t e m . 
It is trivial to find the point of stationary phase as the 
wavevector surface is a s p h e r e . We do not have to distinguish the 
polar angle 9 of the wavevector and the polar angle a. of U . 
Various quantities in the far field expression are given by 
k = k sine, k = k cose (8.3.6) X z 
G = 1/k^ (8.3.7) 
U 63)/aw = 2kw一2(1 + V) (8.3.8) 
again a factor of n^ - 1 - (777)% has been omitted in 35)/aw. 
Omitting this factor the adjoint tensor is given by 
' 1 + ” （ A V l ) n 二 0 - ( A w + n j n ^ ’ 
S . . 二 0 1 + ^ 0 ( 8 . 3 . 9 ) 
。 [-(Anv + 〜)〜 。 n二 . 
where the dispersion relation is u s e d . For example, take the 
source to b e a dipole lying in the x-y. plane with J(k) given b y 
(8.2.17). Putting (8.3.6)-(8.3.9) into '(7.2.24) we obtain 
E 《 么 t ) 二 -pa>2(lDr)-i{ b - n^ r 
+ Y〜1fn(Vn - C O S 0 ) } sine cos少 e (8.3.10a) 
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E ^ ( x , t ) = -pa>^{br) (b cose + y^V^n sin^e) 
•cos中 eikr-iwt (8.3.10b) 
• E^(x,t) = pw^r-^sin中 e 土 ( 8 . 3 . 1 0 c ) 
w h e r e b s 1 + ^ (8.3.11) 
and r = Ixi. For a d i p o l e p a r a l l e l to the z a x i s , 
E^(x,t) = sin^e (8.3.12a) 




Ejx,t) = 0 (8.3.12c) 
C o n s i d e r the c a s e w h e n V « 1 . Under this c o n d i t i o n we can h a v e 
the a p p r o x i m a t i o n 
fi^ + 2k^V/Q) (8.3.13) 
so that i^(w')这(o) /(o)2 — k V/o)^ (8.3.14) 
^ p p z 
A p p r o x i m a t i n g all q u a n t i t i e s to first o r d e r in V , the a d j o i n t 
tensor c a n b e w r i t t e n as = S^^) 
2 2 2 
•=• / (1 + u) = COS e 一 2Vc«> sin 9 cosO/wk (8.3.15a) 
\ 了 p 
S /(I + V) = 1 (8.3.15b) 
2 2 
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+ if) = Sin^e + 2VQ^sin^e cose/wk (8 .3 .15c) 
wO P 
S, / ( I + 分）=-sine cose + Vw2(l—2cos28)sine/wk (8 .3 .15d) 
X O P 
2 = 3 = 0 (8.3.15e) 
12 23 
H e n c e to f i r s t o r d e r in V (8.3.10) can b e w r i t t e n as 
E (x, t) = -p(Vo)^a>/k) sine cose coscp r" e (8.3.16a) 
r p 
E^(x ,t) = p(«^cose - (Vo)Vk)sin^e) cosct> r'^ ^ikr-iot (8.3 .16b) 
6 P 
2 . 1 - 1 ikr-iot /o q 1 
Ei(x,t) 二 一pw sin中 r e lU-J•丄ocj 
I 
and for (8.3.12) 
2 ,, X -1 ikr-iwt / o o 1 \ E (x,t) = p(V(o o>/k) sin 6 r e (8 丄 1/a} 
r P 
E^(x ,t) = -f ( V w V k ) cose) sine r-1 (8 .3 .17b) 
E,(x,t) = 0 (8.3.17c) 
w h i c h is e x a c t l y the r e s u l t o b t a i n e d by L e e and Papas (1965). 
8.4 R a d i a t i o n in a m o v i n g c o l d m a g n e t o p l a s m a 
In this section we w o r k out the far field c a u s e d b y a 
s t a t i o n a r y r a d i a t i n g s o u r c e in a m a g n e t o p l a s m a m o v i n g w i t h u n i f o r m 
v e l o c i t y a l o n g the d i r e c t i o n of m a g n e t i c f i e l d . We o n l y c o n s i d e r 
t h e c a s e w h e n t h e G a u s s i a n c u r v a t u r e a t t h e p o i n t o f s t a t i o n a r y 
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p h a s e d o e s n o t v a n i s h . T h e existence of a x i a l l y e n h a n c e d far field 
and p o i n t s of i n f l e x i o n on the w a v e v e c t o r surface are e x a m p l e s 
in w h i c h the G a u s s i a n c u r v a t u r e v a n i s h e s , and these are p r e s e n t in 
b o t h a s t a t i c and a m o v i n g m a g n e t o p l a s m a . 
T h e d i e l e c t r i c t e n s o r of a static c o l d m a g n e t o p l a s m a is g i v e n 
in C h a p t e r V . By a p p l y i n g (7.2.28), the effective s u s c e p t i b i l t y 
t e n s o r E in the m o v i n g p l a s m a is found to b e (with 〜 = 0 ) 
‘ iyr)) ， 
E,; = i {yrj) ^ D i^^VnOn (8.4.1) 
i: i j * 
‘ y^Vqdn -iv^VnDn SB + y^V^dn^ ‘ 
X X X 
^ w h e r e si(<o')三 S(q') - 1 (8.4.2) 
SB(G) ' ) = ? ( ( «> ' ) - 1 ( 8 . 4 . 3 ) 
S(w'), D(w'), P(w') are the Stix's p a r a m e t e r s d e f i n e d b y (2.2.7)-
(2.2.9) . It should b e n o t e d that t h e y are functions of w', the 
f r e q u e n c y in the coordinate S' where the medium is at rest. T h e 
c y c l o t r o n f r e q u e n c y a n d the p l a s m a f r e q u e n c y of p a r t i c l e 
type k are a l s o m e a s u r e d in S'. Other q u a n t i t i e s like n and rj are 
f u n c t i o n s of k and a in coordinate S ' where the medium is moving. 
It is n o t d i f f i c u l t to show that 
D = det(A) = P(1 十 + D) - n 〉 （ l + 一 D) - n 》 
+ {(1 + - n^) (P + S) - n^D^ln^ + S n : (8.4.4) 
• Z ^ 其 
U s i n g the L o r e n t z t r a n s f o r m a t i o n k = = yiTW, and the fact 
口 . X ^ 
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2 2 that k - w is a Lorentz invariance, we can readily show that 
(8.4.4) reduces to the well known dispersion function of a cold 
magnetoplasma as expected. After some calculation, the adjoint 
tensor is found to be 
S = (1 + (yT])^d 一 n^) (P + (y^V^sd - l)n^) 
11 • X 
-(Y〜T]Dnx)2 (8.4.5a) 
H 二 P(1 + (YT]) ^ ^ 一 n^) - Sn^ (8.4.5b) 
22 z X 
s = ( 1 + (yrj) 一 n^) ( 1 + 一 n^) 
33 ^ 
一 (8.4.5c) 
I： I . 
= ”2”D(Pr) - n:) = S二 1 (8.4.5d) 
S = { - (1 + (717) ^ ^ - n^) 
13 
•(/vrjsi + n ) }n = S* (8.4.5e) 
Z X O 1 
. s = iy^T]D{n - V)n = S；!. (8.4.5f) 
23 ‘ ‘ z X 3Z 
The next step is to find the point of stationary p h a s e . As in the 
case for a moving radiating source in a magnetoplasma, the point 
of stationary phase cannot be found analytically in terms of the 
space time parameter r. However it is not difficult to calculate 
it n u m e r i c a l l y . The explicit expressions for the curvature G and 
U aD/8w are quite tedious, just like the expressions given in 




n u m e r i c a l c a l c u l a t i o n h e r e . H o w e v e r , for the sake of c o m p l e t n e s s 
t h e s e e x p r e s s i o n s are g i v e n b e l o w . 
Since w = w is a c o n s t a n t in the c o o r d i n a t e where the s o u r c e o 
is at r e s t , it is m o r e c o n v e n i e n t to work w i t h n s k/co than w i t h 
k . T h e d i s p e r s i o n f u n c t i o n can be r e w r i t t e n as 
D = S ( n ^ 一 e") (n^ - (8.4.6) 
w h e r e ^ = (H ± / H^ - M )/2S (8.4.7) 
H = (P + S)W - T ] V (8.4.8) 
W s 1 4- — n^ (8.4.9) 
Z 
迄-
M s 4PSQ Q (8.4.10) + -
Q 3 1 + y ^ ^ i d 土 D) - n^ (8.4.11) 
+ z 
F o r any s c a l a r f u n c t i o n f we define f: s idf/dn^)^. I f《=多（ w ' ) 
is a f u n c t i o n of o n l y , then I = -yoVf, w h e r e f - d 劣 , s i n c e 
= "yiTw and rj = 1 - n ^ V . H e n c e the d e r i v a t i v e s of H and M c a n b e 
w r i t t e n as 
H = -y^ViP + S)W + (P + S)W + 2I7VD^ + 2lf(oVT7^DD (8.4.12) 
H = + S)W - 2ywV{P + S)W -（ P + S)W 
zz 
- - 8yqVT]DD - + DD) (8.4.13) 
w = - y V n ^ S - 2 A r ) 诚 - ( 8 丄 1 4 ) 
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W = y V v ^ r j ^ S + + - 2 (8.4.15) 
M = -4y(oV(PS + PS)Q Q + 4PS(Q Q + Q Q ) (8.4.16) 
2 + - + - + — 
二 4 7 V v 2 ( g s + 2PS + P S ) Q 凡 - 8ywV(PS + PS) 
+ 4PS(Q Q + 2Q Q + Q Q ) (8.4.17) 
- + _ + -
Q^ = 土 D) — ± £)) — (8.4.18) 
Q^ 二 土 D) + ± 
+ ± D) - 2 (8.4.19) 
H e n c e the d e r i v a t i v e s of C w i t h r e s p e c t to 〜 i s given b y 
^ = ( y d V S / S ) ^ + (H ± g)/2S (8.4.20) 
Z Z 
^ = (7(oV/S) 一 7U>VS^) + ( H ” 士 g ^ J / S S (8.4.21) 
、zz z z z Z 
w h e r e g ^ (H^ - M) " ' ' ^ H H ^ - | M^) (8.4.22) 
g 二（H2 - (HH + - 全 M - g2) (8.4.23) 
^ 2 Z Z Z ^ Z Z 
H e n c e the G a u s s i a n c u r v a t u r e G can be w r i t t e n as 
(a^ii/an〉,、 
Q = ±——z ^ (8.4.24) 
n 丄 ( 1 + T^) V 
. ‘ ‘ . 
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where (a^n /an^), = - (8.4.25) 
Jm z (0 z z z 
T = (an /an ) = ^ ( 8 . 4 . 26 ) 
丄 2： CO 、 
at the p o i n t of stationary p h a s e . Differentiating D with respect 
2 土 
to n and evaluating n丄 at 石 ， w e find 
lu awaol = G)"'^  165)/ait I = s l ^^ - ？不l/ + ( 8 . 4 . 2 7 ) 
Hence the far field can be found n u m e r i c a l l Y . In fact the far 
field in moving magnetoplasma can be found by Lorentz 
transformation of the far field caused by a moving source in a 、 • • 
\ static m a g n e t o p l a s m a . To do so, first transform the space time 
parameter x = z/x to the coordinate where the medium is at rest, 
then find the equivalent point of statioary phase on the DWS 
n u m e r i c a l l y . The far field is found from the expressions given in 
Chapter V and finally it is transformed back to the coordinate 
where the medium is at rest by Lorentz transformation. Thus the 
derivation given above just provide an . alternative, but m o r e 
straightforward method to find the far field in a moving p l a s m a . 
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IX CONCLUSIONS 
9.1 Summary of our r e s u l t s 
In this t h e s i s , we have studied Lai and Chan's m e t h o d of 
finding the far field caused b y a moving r a d i a t i n g source in an 
a n i s o t r o p i c and d i s p e r s i v e medium in d e t a i l . The method is found 
to be c o r r e c t . The m e t h o d is then applied to calculate the 
r a d i a t i o n e n e r g y flux due to g y r o - r a d i a t i o n in a m a g n e t o p l a s m a . 
T h e r e s u l t s are expressed in graphs of power received per u n i t 
solid angle v e r s u s wave frequency using the polar angle of the 
w a v e v e c t o r as a p a r a m e t e r . It is found that our results d i f f e r 
s i g n i f i c a n t l y from those found in the literature in frequency 
’ rang e s w h e r e d i s p e r s i v e effect of the plasma is i m p o r t a n t , 
including r e g i o n s near the cut off and r e s o n a n t f r e q u e n c i e s . 
We h a v e also p o i n t e d out that the method used by o t h e r 
a u t h o r s leads to erroreous results b e c a u s e they had used the 
m e t h o d s t a t i o n a r y phase improperly in their evaluation of the 
F o u r i e r i n t e g r a l . We emphasize that the m e t h o d of stationary p h a s e 
is valid only w h e n the integrand is a smooth function, apart from 
the r a p i d l y o s c i l l a t i n g phase f a c t o r . 
Besides g y r o - r a d i a t i o n , we have studied other r e l a t e d 
r a d i a t i o n p h e n o m e n a in a m a g n e t o p l a s m a . Some numerical examples of 
the r a d i a t i o n energy flux caused by a m o v i n g dipole are s h o w n . It 
is found that for some plasma parameters and some directions o u r 
u s u a l e x p r e s s i o n of radiation energy flux f a i l s . T h e s e include the 
e f f e c t of axially enhanced far field and the radiation d u e to 
inflexion p o i n t s on the wavevector s u r f a c e s . 
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T h e r a t i o of e m i t t e d to received p o w e r in a m a g n e t o p l a s m a is 
a l s o s t u d i e d n u m e r i c a l l y . Knowing the p o w e r ratio and the r e c e i v e d 
p o w e r , we can find the e m i t t e d power from dP /dCl = f dP/dft. It is 
e 
also found that the p o w e r ratio around the points of inflexion on 
the w a v e v e c t o r surfaces has very peculiar b e h a v i o u r . 
In the last two c h a p t e r s we have i n v e s t i g a t e d the problem of 
finding the far field c a u s e d by a m o v i n g source from a d i f f e r e n t 
p o i n t of v i e w . A g e n e r a l m e t h o d of finding the far field due to a 
s t a t i o n a r y r a d i a t i n g source in an u n i f o r m l y moving medium is 
p r e s e n t e d . It is shown that under Lorentz transformation this far 
field r e d u c e s to the result obtained b y Lai and C h a n . This 
p r o v i d e s a cross check to the Lai and C h a n ' s m e t h o d . F u r t h e r m o r e , 
we h a v e e v a l u a t e d the far field in some simple moving m e d i a and 
the r e s u l t s are found to be the same as those given in the 
l i t e r a t u r e . 
9.2 R e m a r k s and s u g g e s t i o n s for further d e v e l o p m e n t s 
The w o r k p r e s e n t e d in this thesis is o n l y a first step to the 
p r o b l e m of g y r o - r a d i a t i o n . For c o m p a r s i o n with the results 
o b t a i n e d b y other a u t h o r s , the numerical results are expressed in 
g r a p h s of dP/dQ versus o> using e as a p a r a m e t e r . A c t u a l l y 0 is 
n o t a g o o d p a r a m e t e r b e c a u s e it only i n d i c a t e s the d i r e c t i o n of 
k b u t g i v e s n o information in the d i r e c t i o n of energy f l u x . A 
b e t t e r p r e s e n t a t i o n is possible if a, the polar angle of the g r o u p 
v e l o c i t y , is u s e d as a p a r a m e t e r . The d a t a so presented would be 
m o r e suitable for c o m p a r i s o n with e x p e r i m e n t . We can also m a k e 
polar p l o t s of dP/dO versus a, just like what has b e e n d o n e for 
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the m o v i n g dipole s o u r c e . 
Single particle theory of gyro-radiation is restricted since 
in nature and in experiments we always observe radiation due to a 
g r o u p of p a r t i c l e s . Far field caused by a beam of particles can be 
o b t a i n e d by integrating the far field due to a single particle 
over a distribution function, provided that the incident beam is 
V. • 
so d i l u t e that the plasma background is u n a f f e c t e d . For the first 
step the distribution may be chosen as a Maxwell‘s dist r i b u t i o n . 
In case when the expression become too complicated numerical 
m e t h o d would be n e c c e s s a r y . 
O u r result obviously breaks down near resonances, where 
thermal effect cannot be neglected. Extension of our theory to 
include thermal effect is a difficult task, but it cannot be 
avoided if radiation of low frequency waves is to be studied. As a 
first step we may try to include thermal effect in an isotropic 
cold plasma to see if it is possible to find analytic expressions 
for the far field and radiation energy l o s s . 
The effect of axially enhanced far field and inflexion points 
on wavevector surfaces are peculiar. So far these phenomena had 
been studied analytically only for the case of a stationary 
s o u r c e . Extending the investigation to the case of a moving source 
is a n i n t e r e s t i n g t o p i c . Since these effects lead to far fields 
with peculiar distance dependence and exist only in certain 
d i r e c t i o n s , the power ratio should also have some special features 
in these d i r e c t i o n s . We look forward to further investigation in 
the f u t u r e . 
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APPENDIX A 
In this a p p e n d i x w e d e r i v e an e x p r e s s i o n for the p o w e r r a t i o 
f as an e x p l i c i t f u n c t i o n of k , e a n d w (see (6.2.11) - (6 • 2 . 1 4 ) ) . 
T h e four i n d e p e n d e n t e q u a t i o n s r e l a t i n g the six v a r i a b l e s k , 0, Q , 
w , oc and U can b e w r i t t e n as 
« o 
k = k(e,a)) 《A.l) 
(0 = + kV cose (A.2) 
tan(8 - a) = O k / a e ) ^ / k (A.3) 
u} 
u"^ 二 [(ak/8Q)。cos(e - a)] (A.4) 
u 
w h e r e (A.l) r e p r e s e n t s the d i s p e r s i o n r e l a t i o n . It is o n l y 
n e c c e s s a r y t o f i n d idV/dcx)^ i n t e r m s o f k , e, u . D i f f e r e n t i a t i n g 
(A.4) w i t h r e s p e c t to a at c o n s t a n t w 。 a n d using the p a r t i a l 
d i f f e r e n t i a l r e l a t i o n 
' 且 1 = F 且 1 F 且 1 + F - ^ 1 F 立 ] ( A . 5 ) 
< d<x ^ ae doL L 己(0 Je、aa」0>。 
for f = (ak/aw)^ o n e c a n readily show that 
C7 
ir、au/aa),、= { (ak/ae)记/k - 練 j cae/aa)^ 
«。 ^ (ak/aw)^ 。 
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’ ( a V a w )。 
- { (aw/aa) — + (8k/3e) /k } (A.6) 
份。 O k / a o ) ) ^ 记 
w h e r e we h a v e m a d e u s e d of (A.3) and (A.4) to e l i m i n a t e sin (e - oc) 
and cos (9 - a) . We still have to find (ae/aoc),、 and (aw/8a),、• 
公o ^o 
D i f f e r e n t i a t i n g (A.2) w i t h respect to a at c o n s t a n t o>。we h a v e 
(aw/aa) = v{ (ak/aa) cose - (ae/aa) k sine} (A.v) 
P u t t i n g f = k in (A.5) and then s u b s t i t u t i n g it into (A.7) we 
o b t a i n 
(aa)/aa) = gjae/8a),、 (A.8) 
(ak/ae) cose - k sine 
w h e r e g身三 — (A.9) 
^ V - O k / a Q ) g c o s e 
D i f f e r e n t i a t i n g (A.3) w i t h respect to a at c o n s t a n t w。 we o b t a i n 
tanCe 一《) + f f 且 1 - 1 I k s e c ^ ( e 一 oc) 
、doc」(《>。 L、aa」w。 J 
二 ^-.F-JSJ] 1 (A.10) 
、3ot ^ ae o 
U s i n g (A.7) to e l i m i n a t e {ak/aa) . in (A.10) , p u t t i n g f = 公 
o 
i n t o (A.5) and then substituting it into (A.10), w e o b t a i n 
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-g。（3«/aa) = G。（ae/8A) - G , ( A . I D 
O (0 Z 0) 1 o o 
w h e r e g , s k U ^ O k / a o ) ^ (A.12) 
1 U 
g^ s g + (ak/ae) tane 一 (A .13) 
2 1 0) Ci) 
g^ s -a\/aeaw + {ak/ae) ( k v c o s e ) ( A . I 4 ) 
3 0) 
C o m b i n i n g (A.8) and (A.10) we finally o b t a i n 
(ee/aa)^ = g / l g ^ + ggg^) (A.15) 
o 




In this appendix the derivatives Ok/ae)^, Ok/aw) 
, ( a \ / a G > 2 ) a n d a ^ / a e a w a r e el p r e s s e d a s e x p l i c i t 
W u 
functions of k , 0 and q in a cold magnetoplasma. The dispersion 
relation of a magnetoplasma may be written as 
A(e,{o)k^ + B(e,a))kV + = 0 (B.l) 
where A (e,w) s s sin^e + P cos^e (B.2) 
B(e,w) s -{RL sin^e + p s d + cos^e)} (b.3) 
C(w) = PRL (B.4) 
where S, P , R , L are Stix.s parameters defined by {2.2.7)-(2.2.9). 
If we define ^^ s (a^/ae)^ and = idf/dio)^ tor any function 
f = , then obviously 
= - ( A Z + Ben2)Z (B.5) 
k = -{A n^ + B n^ + C + 2(Bn^ + 2C)/w}Z (B.6) 
(0 (0 (<> <0 
kee = + B 卵 + (4nk^/a)) + B日） 
+ (6An^ + B) }Z (B.7) 
= 一 仏 ^ n ， + B咖 n 2 + C 咖 + + B公 + 2BA>) 
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+ (2kf/w^)(6An^ + B) + (4/«)(B n^ + 2C ) 
u> (0 G> 
+ (2/w^) (Bn^ + 6C)IZ (B.8) 
k o ) = + + (6An^ + B) 
+ (2nk /co) + B^) + (2nk^/w) (2A n^ + B + 2B/a>) 
(*> D (7 (7 (*) Q 
+ }Z (B.9) 
w h e r e t7〜s 2n( 2 A n ^ + B)/w, n. s k/<o (B.IO) 
D e n o t i n g /dw b y ^ and d^^(w) /dca^ by I, the d e r i v a t i v e s of A , 
B and C can b e w r i t t e n as 
A^ = (S - P) sin2e (B.ll) 
U 
A = S sin^e + P cos^e (B.12) 
B^ = -{RL - PS) sin2e (B.13) u 
B = -{RL + RL) sin^e 
- (PS + PS)(1 + cos^e) (B.14) 
C = SRL + PRL + PRL (B.15) 
(O 
A … = 2 { S 一 P) cos2e (B.16) 66 
A = S sin^e + P cos20 (B.17) (OCJ 
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A 恥 = ( S - P) sin2e (B.18) 
B 卵 = 2 ( P S - RL) cos2e {B.19) 
B = - ( R L + RL + 2RLi) sin^e 
COCi) 
- ( P S + PS + 2PS)(1 + cos^e) (B.20) 
B^ = (PS + PS - RL - RL) sin2e (B.21) 
C = PRL + PRL + PRL + 2(PRL + PRL + PRL) (B.22) 
(OOJ 
F o r a two c o m p o n e n t e l e c t r o n - i o n m a g n e t o p l a s m a , the d e r i v a t i v e s of 
S t i x ' s p a r a m e t e r s are g i v e n b y 
R = G)^  W T^r L = W T ^ (B.23) 
P + + p - 一 
R = 2G>2(1 - W^T )T2, L = 20)2(1 - W ^ T (B.24) 
p + > + p 一 一 一 
“ (A + £|) S = I'iR + L) (B.25) 
2 2 
P = 20)2/0)3 P 二 -60)2/0)4 (B.26) 
p P 
w h e r e W ^ s 2a> 土 Q. T Q (B-27) 
土 1 e 
T i s (O) ± Q.) (G)平 Q ) (B.28) 
土 1 e 
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5. 
； APPENDIX C 
Here we list a few vector identities that are found useful in 
chapter V I I . The proof of these identities can be found in Chen 
(1986), chapter 1 . 
For any vector a we can define the dyad 
^ ^ R 0 -a3 a^ 1 
o r ； 工 = I x a s a ^ 0 - a ^ ( C . 2 ) 
一 a a 0 
For two vectors a , b have 
(axl)•(bxl) = ax(bxl) 二 — (a-b)I (C-3) 
w h e r e ba.denotes the dyad (ba) . . = b ^ a ^ . For four vectors a , b , c , 
d we have 
adj[)a + at) + cd] = X{ (X + a-b + c-d)I 
-th - cd] + (bxd) (axe) (C.4) 
d e t [ X I + a b + c d ] 二 + X ( a - b + c - d ) 
+ (bxd)-(1x2)1 (C.5) 
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